Universitat Regensburg

A Functorial Rectification of
Finitely Cocomplete co-Categories

MASTERARBEIT
zur Erlangung des akademischen Grades
Master of Science in Mathematics
an der

Universitat Regensburg,
Fakultat Mathematik.

Name Benni Thien Ngo
E-Mail XXX
Matrikelnummer XXX
Abgabedatum 4. Marz 2024

Betreuer Prof. Dr. Denis-Charles Cisinski



Abstract

We prove that the homotopy theory of categories with weak
equivalences and cofibrations and the homotopy theory of finitely
cocomplete quasi-categories are equivalent. For this, both theories
will be presented by categories with weak equivalences and fibra-
tions and their equivalence will follow from the right approximation
property of a suitable functor between them.
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Introduction

In classical homotopy theory, one studies properties of topological spaces which
hold up to homotopy equivalences, that is, instead of the category of topological
spaces, one considers its homotopy category, a category with the same objects,
but in which homotopy equivalences become invertible. Motivated by this ex-
ample, a central notion in homotopy theory is that of a localizatimﬂ of a marked
category:

11f each category in the definition is allowed to be an co-category, the notion of localizations

can be adapted verbatim to the setting of co-categories.



Given a marked category (C, W), i.e. a category C' together with a class W
of morphisms in C', a functor v: C — Ly C is called a localization of C' at W if

e v is essentially surjective;
e 7 sends morphisms in W to isomorphisms in Ly C;

e for any category D, the pullback functor
~*: Fun (LwC, D) —— Fun(C, D)

is fully faithful and its essential image consists of those functors that send
morphisms in W to isomorphisms in D.

In other words, v: C' — Ly C universally adds formal inverses for the marked
morphism, which will be called weak equivalences in analogy to the homotopy
equivalences of the classical homotopy theory, so that Ly, C can be thought of as
the homotopy theory of C'. If one is only concerned about the localization itself,
W may be assumed to form a wide subcategory, that is, W contains all identities
and is closed under composition, which leads us to the notion of relative cate-
gories. |[BK12| shows that the homotopy theory of relative categories and that
of co-categories are equivalent, so that any co-category can be presented as the
localization of a relative category and one may think of them as homotopy the-
ories. Nevertheless, localizations of arbitrary relative categories are oftentimes
unpractical as their morphisms are in general hard to describe. Classically, this
led to the notion of model categories, relative categories with two additional
classes of auxiliary morphisms, fibrations and cofibrations, and special interre-
lations between them, but their localizations are bicomplete, which limits the
range of homotopy theories that can be presented.

In this thesis, we seek for the middle ground between the arbitrariness of
relative categories and the restrictiveness of model categories, namely with cat-
egories with weak equivalences and cofibrations. As their name suggests, these
are relative categories with only one class of auxiliary morphisms, the cofi-
brations. By results of chapter 7 in [[Cis19] which the name for these objects
have been taken from, categories with weak equivalences and cofibrations ad-
mit calculi of left fractions, which are useful to control the mapping spaces of
their localizations, so that the homotopy theories these categories present are
finitely cocomplete. Our main result is to show that, in fact, all finitely cocom-
plete homotopy theories can be presented by categories with weak equivalences
and cofibrations. Originally, this result is due to [Szul4], which establishes an
equivalence of the homotopy theory of so-called cofibration categories and of
the homotopy theory of finitely cocomplete quasi-categories. Here, the notion
of cofibration categories from [Szul4] are more specific than that of categories
with weak equivalences and cofibrations, and as well as will
serve as a generalization of the notion of cofibration categories from [Szul4| to
quasi-categories with weak equivalences and cofibrations. In [Section 3| we will
construct a comparison map between the homotopy theory of (quasi-)categories
with weak equivalences and cofibrations and the homotopy theory of finitely
cocomplete quasi-categories, which we exhibit to be an equivalence in [Section 4}



1 Quasi-categories with Weak Equivalences and
Cofibrations

The Definition and Basic Properties

Definition 1.1. [Cis19, Definition 7.4.6 & 7.4.12] A quasi-category with weak
equivalences and cofibrations is a quasi-category C together with an initial object
@, a subcategory wC C C and a wide subcategory coC' C C satisfying the
following conditions:

1. Given any commutative triangle in C' of the form

b

if two out of the three maps f, g and h belong to wC, so does the third.
2. Given any cospan in C of the form
bt a0t o

such that 4 and the canonical maps @ — a and @ — a’ belong to coC, its
pushout exists in C' such that, for any pushout square in C

~

J ..

a
zl i
b T) v,

7/ belongs to coC. Additionally, i’ belongs to wC' if i does so.

3. Given any map f: a — bin C such that the canonical map @ — a belongs
to coC, there exists a commutative triangle in C' of the form

such that ¢ belongs to coC and s belongs to wC.

Maps in wC' or coC are called weak equivalences or cofibrations in C, respec-
tively, and maps that are both weak equivalences and cofibrations are called
trivial cofibrations. Any object a in C' such that the canonical map @ — a is a
cofibration is called cofibrant. Under this naming convention, we call the first
condition the 2-out-of-3 property for weak equivalences, the second condition the
pushout axioms for cofibrations and trivial cofibrations and the third condition
the factorization axiom for maps with cofibrant source.

Dually, a quasi-category with weak equivalences and fibrations is a quasi-cat-
egory C together with a terminal object *, a subcategory wC C C' and a wide



subcategory fiC C C such that (C°P, x, (wC)°P, (fiC)°P) is a quasi-category
with weak equivalences and cofibrations. Maps in wC are still called weak
equivalences whereas maps in fiC' are called fibrations of which those that are
weak equivalences as well are called trivial fibrations, and any object a in C
such that the canonical map a — * is a fibration is called fibrant.

For the notion of subcategories of quasi-categories, we follow [Lurl8|, Defini-
tion 4.1.2.2], that is, a subcategory of a quasi-category C'is a quasi-category C’
which is a simplicial subset of C' such that the inclusion functor ¢’ — C'is an
inner fibration. In other literature, there is also the use of the notion of classes
of weak equivalences and cofibrations with additional conditions. The following
is a general observation of this duality.

Observation 1.2. Denote the unit of the nerve and realization adjunction
by n: idsset — N o ho, and let C be a quasi-category. Moreover, given any
subcategory D of ho(C), the induced functor N(D) — N (ho(C)) is an inclusion
of a subcategory. Recall that no: C — N(ho(C)) is an isofibration, so that we
may form the pullback square in sSet

D——C

| Je

N(D) «—— N(ho(C))

and, by |[Lurl8 Remark 4.1.2.6], the projection D’ — C is an inclusion of a
subcategory. By [Lurl8, Proposition 4.1.2.10], all subcategories of C' are formed
in this manner, that is subcategories of C' correspond to subcategories of ho(C),
which themselves correspond to classes K of morphisms in ho(C) that are closed
under composition and identitied]

Therefore, we may as well speak of the classes of weak equivalences and
cofibrations in a quasi-category with weak equivalences and cofibrations once
we impose these additional conditions:

e For any weak equivalence a — b, the identities of a and b are weak equiv-
alences.

o All identities are cofibrations, and compositions of cofibrations are again
cofibrations.

Note that compositions of weak equivalences are already weak equivalences by
the 2-out-of-3 property.

Proposition 1.3. All identities in a quasi-category with weak equivalences and
cofibrations are weak equivalences.

Proof. Let @ be the specified initial object. Then its identity is a cofibration, so
that @ is cofibrant. Therefore, given any object a, the canonical map @ — a can
be factorized into a weak equivalence followed by a cofibration. In particular,
there exists a weak equivalence of the form a — b, so that the identity of a is a
weak equivalence. O

1By this, we mean that, for any map a — b belonging to K, the identities of a and b
belong to K.



Remark. This implies that the underlying quasi-category together with the class
of weak equivalences forms a marked simplicial set, i.e. a simplicial set with a
class of edges containing all degenerate edges.

Corollary 1.4. Sections and retracts of weak equivalences are again weak equiv-
alences.

Proof. This follows from the preceding proposition and the 2-out-of-3 property
for weak equivalences. O

Observation 1.5. Any commutative diagram of the form

g
a — a

fl lf !

b ——
g

is a pushout square if f and f’ are isomorphisms.

Lemma 1.6. Any isomorphism with cofibrant source or target is a trivial cofi-
bration. In particular, isomorphisms between cofibrant objects are trivial cofi-
brations.

Proof. Let i: a — b be an isomorphism. Without loss of generality, assume that
a is cofibrant. Otherwise, proceed the proof with an inverse of ¢ and conclude
with the preceding corollary. By the preceding observation,

1,
—

&
Q=2

a
%
— b

K3

is a pushout square. Per definition, 1, is a cofibration and, by the preceding
proposition, it is a weak eqivalence as well, thus a trivial cofibration. By the
pushout axiom, i is a trivial cofibration. O

Proposition 1.7. Let (C, &, coC,wC) be a quasi-category with weak equiva-
lences and cofibrations. Then (C, @', coC,wC) is a quasi-category with weak
equivalences and cofibrations for any initial object @' in C.

Remark. For this reason, we would like to consider initial objects as a property
of quasi-categories with weak equivalences and cofibrations rather than as a
structure of them, that is, we do not want to specify an initial object, but only
require the existence of one.

Proof of proposition. We only need to show that the notion of cofibrant objects
does not depend on the choice of the initial object. Let @ — a belong to coC, i.e.
a is cofibrant with respect to @. By initiality, there are canonical isomorphisms
i: ¥ — & and i': @ — @, which are mutually inverse to each other, so that
the canonical map @’ — a is a composition of i and the canonical map @& — a.
By the previous lemma, 7 and i’ are trivial cofibrations, so that @’ — a is a
cofibration, as a composite of such. Hence, a is cofibrant with respect to @'. [



Example 1.8. The notion of quasi-categories with weak equivalences and cofi-
brations serves as a generalization of the notion of model categories. Therefore,
it should not be surprising that (the nerves of) model categories are one im-
mediate example. Another one, that will play an important role, are finitely
cocomplete quasi-categories where all maps are declared to be cofibrations and
the isomorphisms are the weak equivalences.

The Factorization Axiom and its Implications

We would like to introduce an interesting class of objects in a quasi-category
with weak equivalences and cofibrations. For this, we need the following:

Lemma 1.9. Let C be a quasi-category with weak equivalences and cofibrations.
Then finite coproducts of cofibrant objects exist in C and are cofibrant.

Proof. By induction, it suffices to show that, given two cofibrant objects a and
bin C, their coproduct a Llb exists in C' and is cofibrant. By the pushout axiom
for cofibrations, there is a pushout square in C' of the form

|

ﬁx

—

<

24—

with ¢ and j cofibrations. By [Cis19} Proposition 6.6.8], 2 together with ¢ and j
is a coproduct of a and b. As the composition of two cofibrations, the canonical
map @ — x is a cofibration, i.e. x is cofibrant. O

Definition 1.10. [Cis19} Definition 2.2.11] A cylinder object of a cofibrant ob-
ject in a quasi-category with weak equivalences and cofibrations is a factorization
of its codiagonal into a cofibration followed by a weak equivalence. Dually, a
path object of a fibrant object in a quasi-category with weak equivalences and
fibrations is a factorization of its diagonal into a weak equivalence followed by
a fibration.

Example 1.11. This concept is an abstraction of the construction for topologi-
cal spaces: Given a topological space X, its cylinder X x [0, 1] together with the
map XUX — X x[0, 1] given by the boundary inclusions and with the collapsing
map X x [0,1] = X given by the canonical projection forms a cylinder object
in both the Quillen-Serre and the Strgm model structure of topological spaces.
Cylinders are central in the definition of (left) homotopies and homotopy equiv-
alences and this fact translates well into our abstract setting of quasi-categories
C with weak equivalences and coﬁbrationsﬂ

Two maps f,g: a — b between cofibrant objects in C have the same image
in ho LC' if there is a cylinder object of a

cyl(a)
y \
alla i) a,

LAn account of the dual case is given in [Cis19, Paragraph 7.5.13 & Proposition 7.6.14].



a trivial cofibration i: b — b’ and a map h: cyl(a) — b" such that

ala —2— cyl(a)

(fvg)J( lh

b41,>b’

is a commutative square in C. In this case, f and g are called (path-)homotopic
to each other.

Our reason of interest in cylinder objects in this section lies in the fact that
they produce almost all factorizations.

Lemma 1.12. Let C be a quasi-category with initial object and classes of weak
equivalences and cofibrations that satisfies all axioms of a quasi-category with
weak equivalences and cofibrations, but the factorization axziom, andlet f: a — b
be a map between cofibrant objects in C. Then f factors into a cofibration
followed by a weak equivalence if its source a admits a cylinder object.

Proof. We need to construct a commutative triangle in C' of the form

where ¢ is a cofibration and s is a weak equivalence. By the preceding lemma,
there are coproducts of the form

Do —— a @C — b
J{ JLQ and l l@
a T> ala a T> all b

where the canonical inclusions ¢1, t2, k1 and kg are cofibrations in C'. Let
cyl(a)
//ji///z \\\\i;u
alla ) a

(1a,la

be a cylinder object of a. Note that the diagram in C

l ]2 lmz (1.12.1)

a —p—ala allb

commutes. Here, 1, Ul f is the map induced by the commutative diagram in C'

a +—— Yo —— a

g1

a +—— Yo — b.



In particular, x; is a composition of 1, LI f and ¢;. As the left inner square and
the outer rectangle in are pushout squares, the right inner square is
one as well, by the pasting law for pushouts squares. Now, define the so-called
mapping cylinder cyl(f) of f by a pushout square in C' of the form

1,
aLIa*u&aI_lb

| Is

eyl(a) —— eyl(f).

By the pushout axiom, § is a cofibration, so that the composite of § and x; is
a cofibration as well. We define i to be just this composite. By the pasting law
for pushout squares, the outer rectangle in this commutative diagram in C

e

1,
aLIa*u&al_lb

1%} 4

f
cyl(a) —— cyl(f)
is a pushout square. Note that 0t; and Jip are cofibrations, as composite of
such. Additionally, they are sections of the trivial cofibration r and thus trivial

cofibrations by By the pushout axiom, the composite of § and kg
is a trivial cofibration as well. Moreover, one can see that this diagram in C

a
aLQJ/

cyl(a) T

N

S/
—
o

commutes. Hence, it induces a map s: cyl(f) — b, which is a retract of the triv-
ial cofibration dr9 and thus a weak equivalence by [Lemma 1.4] Per construction,
f is the composite of s and 7 as we have in formulae:

st = sdk1 = 88(1, U [y = sfOu = fron = fl, = f.
O

Remark. If we additionally assume that any cofibrant object in C' admits a cylin-
der object, then the factorization axiom holds for any map between cofibrant
objects. Therefore, if all objects in C are cofibrant, the existence of cylinder
objects for all cofibrant objects is equivalent to the factorization axiom.

Proposition 1.13. Proposition 7.4.13] Under the same assumptions as
in[Lemma 1.13, f: a — b can be factored into a cofibration followed by a retract

of a trivial cofibration if a Ub admits a cylinder object.

Proof. By the coproduct a LI b exists and is cofibrant, so that, by
ILemma 1.12] the induced map f U 1,: a Ub — b factors into a cofibration



1: allb — b followed by a weak equivalence s: b’ — b. This means that there
is a commutative triangle in C' of the form

b/

By precomposition with the canonical inclusion x9: b — aLUlb, we get a commu-
tative triangle in C' of the form

iKko is a cofibration, as a composite of such, and, as a section of s, it is a
weak equivalence as well. Thus, s is the retract of the trivial cofibration iks.
Analogously, the triangle in C

commutes as well, and, as ik is a cofibration, this concludes the proof. O

Remark. In the case that all cofibrant objects in C' admit cylinder objects,
is known as the factorization lemma.

Corollary 1.14 (Ken Brown’s lemma). Corollary 7.4.14] Let C be
a quasi-category with weak equivalences and cofibrations, D a quasi-category
and V a subcategory of D satisfying the 2-out-of-8 property. Then any functor
F: C — D that sends trivial cofibrations between cofibrant objects to maps in V
sends weak equivalences between cofibrant to maps in V.

Proof. Let F: C — D be such a functor and let w: a — b be a weak equiv-
alence between cofibrant objects in C. By the [factorization lemmal there are
commutative triangles in C

where 7 is cofibration and

where j is trivial cofibration. As an isomorphism between cofibrant objects, 1,

is a trivial cofibration by and r is a weak equivalence by

10



By the 2-out-of-3 property, i is a weak equivalence and thus a trivial cofibration.
By assumption, F(i) is in V and so are F(j) and F(1;). By the 2-out-of-3
property for V', the map F(r) is in V, so that F(w) is the composition of two
maps in V, thus itself in V. O

The Computation of Homotopy Pushouts

[The factorization Temmal] is also useful for various computation, e.g. for that of
homotopy pushouts, which is going to be sketched in the following paragraphs.

Observation 1.15. |Cis19, Proposition 7.4.15] Let C' be a quasi-category with
weak equivalences and cofibrations and let a be a cofibrant object in C. Then
the coslice a/C naturally carries the structure of a quasi-category with weak
equivalences and cofibrations where weak equivalences and cofibrations are those
maps that the canonical projection a/C — C sends to weak equvialences and
cofibrations in C, respectively. As the identity of a is an initial object in a/C
such that, for any object (b, f) in a/C, the canonical map from (a,1,) — (b, f)
is given by the commutative triangle in C

a
2N

cofibrant, objects in a/C' are cofibrations in C' with source a. Let (a/C). denote
the full subcategory of a/C spanned by the cofibrant objects. By the pushout
axiom for cofibrations, pushing out along a map f: a — b forms a well-defined
functor f*: (a/C). — (b/C)., and we would like to show that f* preserves
trivial cofibrations. Let the commutative triangle in C

a
N
T Y

determine a trivial cofibration in (a/C),, i.e. i and j are cofibrations, and u is a
trivial cofibration, and denote its image under f* by the commutative triangle

N

1‘4)(7!

This means that there are pushout squares in C' of the form

a *>f b a L> b

Zl li’ jl J’

r — ' y ——
fi fi

11



such that v’ is induced by the commutative square in C

J\

b
5’

/

B4+ o

|

fiu

In particular, there is a commutative diagram in C'

N

QLé—— 84—
<;s. fwpl

~

iy

<

in which the upper inner square and the outer rectangle are pushout squares in
C, so that the lower inner square is a pushout square in C' as well, by the pasting
law for pushouts. Hence, v’ is a trivial cofibration in C by the pushout axiom
for trivial cofibrations in C'. This shows that f* preserves trivial cofibrations.
By [Ken Brown’s lemmal f* preserves all weak equivalences. In other words, for
any diagram of pushout squares in C'

fh

. S

N

QL4é—— 84—
8]

i

~

~

in which a and b are cofibrant, 7 is a cofibration and any composition of u and
1 is a cofibration, u’ is a weak equivalence if u is one.

Proposition 1.16. Proposition 7.4.16] Let C be a quasi-category with
weak equivalences and cofibrations. Let i: a — b be a cofibration and s: a — a’
a weak equivalence of cofibrant objects in C. Then, for any pushout square in C

a
b

)

a
i (1.16.1)
b/
s/ )

|

s’ is a weak equivalence.

Proof. By [the factorization lemmal s factors into a cofibration j: a — o fol-
lowed by a retract r: a” — o’ of a trivial cofibration k: a’ — a”. By the
2-out-of-3 property, r and j are weak equivalences. By the pasting law for
pushouts, any pushout square of the form is the outer rectangle in a




diagram of the form

N /A N

a
li l (1.16.2)
b

%/)b/lﬁ

J T

!

s}

o
~

in which both inner squares are pushout squares. By the pushout axiom for
trivial cofibrations, j’ is a trivial cofibration, so that, by the 2-out-3 property, it
suffices to show that r’ is a weak equivalence. Let ¢: @’ — b” be a composition
of ¢ and k, which is again a cofibration. By the pushout axiom for (trivial)
cofibrations, there is a pushout square in C' of the form

k
a a’

I
aadd

with &’ a trivial cofibration and ¢’ a cofibration. By choice of ¢, this diagram in
C

k
a’ a’

N

b// b//
Tyn

commutes and, thus, corresponds to a map t: b’/ — b” such that 1, = tk’ and

1" = t¢'. By|Lemma 1.4 ¢ is a weak equivalence. Since r is retract of k, this
diagram in C

k
a a

| e

b// b//
Ly
commutes and corresponds to a map r"”': b/ — V" such that 1y~ = vk’ and

r =7""¢'. By [Lemma 1.4} r'" is a weak equivalence. Moreover, the horizontal
maps in the following commutative diagram

k
a’ a’ T a’

N

b// = bl// — bl/
T

are identities, so that the outer rectangle is trivially a pushout square. As the
left inner square is defined to be a pushout square, so is the right inner square
by the pasting law for pushouts. By the same law, the right inner square in

(1.16.2) decomposes into two pushout squares

a" r a
4 £

’
r

"
b/// b//

|+
’

T /

—
13

-~

<

b/



where ' is the map induced by the commutative square in C

a// T a/

1k

b/// /t b/ .
T

Recall that this square commutes because of r'i” = i'r and i’/ = t/’. By the
preceding observation, ' is a weak equivalences, so that r’ is a weak equvialences
by the 2-out-of-3 property. O

By the pushout axiom for cofibrations, this proposition shows that the class
of cofibrations in the subcategory of cofibrant objects forms an example of the
following notion.

Definition 1.17. [Cis19, Definition 7.2.22] Let C' be a quasi-category with a
subcategory W. Then a W—coﬁbmtioﬂ in C'is a map f: a — b such that, for
any diagram in C'

! u a//

ol

b—— b s b

in which the inner squares are pushouts squares, u’ belongs to W if u does so.
Dually, W -fibrations in C' are W°P-cofibrations in C°P.

The reason of interest in W-cofibrations lies in the fact that they compute
homotopy pushouts. To be able to formulate this fact, we need the following
notions

Definition 1.18. |Cis19, Definition 7.2.20] A subcategory of acyclic cofibrations
with respect to W is a subcategory W’ of W which is closed under compositions
and pushouts such that any map in W factors into a map in W’ followed by a
retract of a map in W’. Dually, a subcategory of acyclic fibrations with respect
to W is a subcategory W’ of W such that (W’)°P is a subcategory of trivial
cofibrations with respect to W°P.

Remark. In [Cis19|, these are called subcategories of trivial (co-)fibrations and
the reason that we choose to use the attribute "acyclic" instead is to avoid
ambiguity because, in general, the trivial (co-)fibrations of a quasi-category
with weak equivalences and (co-)fibrations do not form a subcategory of acyclic
(co-)fibrations. By [the factorization lemmal this is the case when all objects are
cofibrant.

Definition 1.19. Let C be a quasi-category with a subcategory W and denote
its localization functor by v: C' — Ly C. Then a commutative square in C' is
called homotopy pushout square if v sends it to a pushout square in Ly, C.

Theorem 1.20. [Cis19, Theorem 7.2.25] Let C be a quasi-category with a sub-
category W that satisfies the 2-out-of-8 property and admits a subcategory of

IThere are various names for this notion. See |[nLa24l 5. References].

14



acyclic cofibrations. Then any pushout square in C of the form

a—— a

b

b ——

with f a W-cofibration is a homotopy pushout square.

Remark. Given a quasi-category C' with weak equivalences and cofibrations, this
theorem a priori only applies to the full subcategory C. of cofibrant objects.
Hence, cofibrations between cofibrant objects compute homotopy pushouts.

Conversely, any map that computes homotopy pushouts is a W-cofibration.

Proposition 1.21. Let C be a quasi-category with a subcategory W that is
satumtecﬂ and admits a subcategory of acyclic cofibrations. Let f: a — b be a
map in C such that any pushout square in C of the form

is a homotopy pushout. Then f is a W -cofibration.

Proof. Consider a commutative diagram in C' of the form

a —a —%—ad’

lf (€] l (2) l

b—— b s b

where the inner squares (1) and (2) are pushout squares. By the pasting law
for pushouts in C, the outer rectangle, which will be denoted by (1+2), is a
pushout square as well. By assumption, (1) and (1+2) are homotopy pushout
squares. Again by the pasting law for pushouts in Ly C, (2) is a homotopy
pushout square. Hence, if u is a weak equivalence, then its image in Ly C' is
an isomorphism and so is the image of v’ in Ly C. Thus, due to saturation, u’
itself is a weak equivalence in C. O

1.22. Let C be a quasi-category with subcategory W and denote the localization
functor by v: C — Ly C. If W is closed under (compositions and) pushouts,
then there is a calculus of left fractionﬂ of W in C by |Cis19, Theorem 7.2.16].
By |Cis19, Remark 7.2.10], this implies that any map a — b in ho Ly, C'is of the
form ~v(s)~'~(f) where f: a — b’ is a map and s: b — V' is a weak equivalence
in C. Additionally, any two such spans in C

o LW b and a—2o b <t b

1 This means that any map in C belongs to W if and only if its image in Ly C is an
isomorphism.
28ee [Cis19} Definition 7.2.6].
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for which there is a weak equivalence r: ¥ — b” in C such that

b/
N
.

LA

b/l
is a commutative diagram in C represent the same map a — b in ho Ly C.

Remark. In the presence of a calculus of fractions, the 2-out-of-6 property and
the property of being saturated are equivalent for the class of weak equivalences.
Recall that the former property states that, given a triple (f, g, h) of composable
maps such that g o f and h o g are weak equivalences, all maps f, g and h are
weak equivalences. The latter property states that any map that the localization
functor sends to an isomorphism is a weak equivalences. Clearly, being saturated
implies the 2-out-of-6 property as the class of isomorphisms satisfies the latter.
The converse is a simple computation for which we would like to refer to [KS06,
Proposition 7.1.20].

Although the class of weak equivalences in a quasi-category with weak equiv-
alences and cofibrations is generally not saturated, using the factorization axiom
and its implications, one can still show that all pushouts in the localization come
from homotopy pushouts, which themselves come from pushouts of cofibrations.
Note that this does not imply that all maps that compute homotopy pushouts
are cofibrations, but weakly equivalent to such.

1.23. Let C be a quasi-category with weak equivalences and cofibrations and
denote its full subcategory of cofibrant objects by C.. Then the class of trivial
cofibrations admits a calculus of left fractions in C.. By [Ken Brown’s Temmal],
the localization of C. at trivial cofibrations is equivalent to the localization of
C. at weak equivalences. Together with [the factorization Iemmal] this implies
that any map in ho(LC,) is of the form ~(s)~1v(f) with f a cofibration and s
a trivial cofibration. Therefore, any span in LC, is isomorphi(ﬂ to (the image
of) a span in C. where at least one leg is a cofibration. By the pushout axiom
for cofibrations, the pushout exists and, by the preceding theorem, v preserves
these pushouts. Hence, any pushout in LC. is the image under 7 of a pushout
of cofibrations in C..

The following fact allows us to use these computations also in arbitrary
quasi-categories with weak equivalences and cofibrations.

Theorem 1.24. [Cis19, Theorem 7.5.18] Let C' be a quasi-category with weak
equivalences and cofibrations and denote the inclusion of its full subcategory of
cofibrant objects by i: C. — C. Then the total (left) derived functmﬂ 7. LC. —
LC of i is an equivalence of co-categories.

To conclude this computation, we would like to summarize the fact that
cofibrations between cofibrant objects compute all pushouts in the localization.

IThese isomorphisms come from trivial cofibrations in C..

2See for a definition and [Lemma 3.10|for a specific construction.
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Corollary 1.25. Let C be a quasi-category with weak equivalences and cofibra-
tions. Then any pushout square in C of the form

in which a and o' are cofibrant and f is a cofibration is a homotopy pushout
square. Conversely, all pushout squares in LC' are images of pushout squares in
C' of the above form, i.e. these homotopy pushouts compute all pushouts in LC'.
In particular, LC has all pushouts.

Right Exact Functors

Since localization functors are both final and coﬁnaﬂ the localization LC' ad-
mits initial objects and v: C' — LC preserves them. Therefore, LC' is a finitely
cocomplete co-category and, if presented by a quasi-categories, it carries a nat-
ural structure of a quasi-category with weak equivalences and cofibrations, so
that the localization functor v: C — LC' is the first non-trivial instance of the
following notion.

Definition 1.26. [|Cis19, Definition 7.5.2] Let C' and D be quasi-categories with
weak equivalences and cofibrations. Then a right exzact functor from C to D
is a functor F': C' — D between the underlying quasi-categories satisfying the
following conditions:

e For any initial object @¢ in C, the object F' (&) is initial in D.

e For any cofibrant object a and any cofibration p: a — b in C, the map
F(p): F(a) — F(b) is a cofibration in D.

e For any cofibrant object ¢ and any trivial cofibration p: a — b in C, the
map F(p): F (a) — F(b) is a trivial cofibration in D.

e For any pushout square in C

a — a'

P
b —— U,
such that a and o’ are cofibrant and p is a cofibration, the induced diagram
in D
F(a) —— F(d)
JF(QD) l
F(b) —— F ()

is pushout square.

1See [Cis19, Proposition 7.1.10]



In other words, a functor between quasi-categories with weak equivalences and
cofibrations is right exact if it preserves

initial objects,

cofibrations with cofibrant source,

trivial cofibrations with cofibrant source and

pushouts of cofibrations with cofibrant source along any map with cofi-
brant target.

Dually, left exact functors between quasi-categories with weak equivalences and
fibrations are those functors F': C — D for which F°P: C°P — D°P are right
exact.

Remark. [Ken Brown’s lemmal implies that right exact functors preserve weak
equivalences between cofibrant objects.

Proposition 1.27. Let C' be a quasi-category with weak equivalences and cofi-
brations and let F': C' — C be a weak categorical equivalence. Then there is a
structure of a quasi-category with weak equivalences and cofibrations on C' such
that F is right exact.

Proof. The subcategories coC’ and wC’ of C’ are defined by pullback squares
of the form

cof’ — i’ wf’ — CJ
r and F
coC —— C wC —— C.

This means that a weak equivalence or a cofibration in C’ is a map that F sends
to such in C. Therefore, one can easily check that coC’ is a wide subcategory,
i.e. all identities are cofibrations, and that wC’ satisfies the 2-out-of-3 property.
Since weak categorical equivalences of quasi-categories present equivalences of
oo—categorieﬂ F preserves and reflects all colimits. In particular, C’ admits an
initial object @+ such that F (@¢-) is initial in C. Moreover, C’ satisfies the
pushout axioms for cofibrations and trivial cofibrations, and it remains to show
the factorization axiom. Let f: 2z — y be a map in C’ with cofibrant source.
By the factorization axiom in C, there is a commutative triangle in C
b
.

X (1.27.1)
oo F(y)

where j is a cofibration and ¢ is a weak equivalence. Because F' is essentially
surjective and because isomorphisms between cofibrant objects are trivial cofi-
brations, we may assume that b is of the form F(y’) for some object ¢ in C".
As F'is fully faithful, there is a commutative diagram in C'

ISee |Cis19, Corollary 3.6.6].
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that F' sends to the diagram in (1.27.1). Thus, ¢ is a cofibration and s is a weak
equivalence in C’. This shows that C’ is a quasi-category with weak equivalences
and cofibrations and F' is right exact per construction. O

Remark. If we denote the quasi-inverse of F': C' — C by G: C — C’, then G is
right exact with respect to the above structure on C’. To see this, let f: a — b
be a map in C. Since the composite FG: C — C is again a weak categorical
equivalence between quasi-categories, it is, in particular, fully faithful, so that
there is a commutative square in C' of the form

(FG)(a) LN (PG ()

| i

@ ——F— b

where 7 and j are isomorphisms. If f is a weak equivalence or a cofibration
between cofibrant objects, then i and j are trivial cofibrations by [Lemma 1.6} so
that (F'G)(f) is a weak equivalence or, respectively, a cofibration, as a composite
of such. Per construction of wC’ and coC’, this implies that G(f) is a weak
equivalence or a cofibration in C’, respectively. As G is a weak categorical
equivalence between quasi-categories itself, it preserves all colimits, in particular
the ones of interest. Hence, G is right exact.

Therefore, the above defined structure on C’ is unique in the sense that,
for any structure (C’,Co, We) of a quasi-category with weak equivalences and
cofibrations such that both F' and G are right exact, there are canonical right
exact functors between (C’, coC’, wC") and (C’, Co, We) whose underlying func-
tors between quasi-categories are mutually inverse weak categorical equiva-
lences, namely the composite functors FG: (C’, coC’, wC") — (C’, Co, We) and
FG: (C’",Co,We) — (C', coC’,wC").

Observation 1.28. The preceding proposition allows us to disregard any spe-
cific choices of initial objects in the notion of right exact functors in the following
sense: For any right exact functor F': C' — D and any specific choice of initial
objects I in C' and @p in D, there is, up to weak categorical equivalence, a
unique right exact functor F/: C — D such that F' (&¢) = @p. Denote the
structure on D by (D, @ p,coD,wD). By assumption, F (J¢) is initial in D,
so that the pair of functors D — D that swap F (&J¢) and @p are mutually
inverse weak categorical equivalences. By (D,F(2¢),coD,wD) is
a quasi-category with weak equivalences and cofibrations, and one can imme-
diately see that these weak categorical equivalences form right exact functors
between (D, F (Z¢),coD,wD) and (D, @p, coD,wD). Hence, we can construct
the right exact functor F’: C' — D by composing F': C' — D with the functor
D — D that sends F' (&¢) to @ p.

For this reason, we have not required right exact functors to preserve the
specific choices of initial objects, and, with this, we may conclude the remarks

of Lemma 1.7

From now on, we will fix a Grothendieck universe U and denote the oco-cat-
egory of U-small spaces by 8. Moreover, given an oco-category X, its Yoneda
embedding will be denoted by £x: X — Fun (X°P, 8)

Ux/is the first letter of the name "Yoneda" in Hiraganal
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Definition 1.29. Let CofQCat be the category whose objects are U-small
quasi-categories with weak equivalences and cofibrations and whose morphisms
are right exact functors where the composition law is given by the usual compo-
sition of functors between quasi-categories. Dually, let FibQCat be the category
of U-small quasi-categories with weak equivalences and fibrations and left exact
functors. Note that dualization forms an isomorphism of the categories CofQCat
and FibQCat.
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2 The Homotopy Theory of Quasi-categories with
Weak Equivalences and Cofibrations

If quasi-categories with weak equivalences and cofibrations are considered to
be presentations of homotopy theories, a natural question should be when or
whether presentations belong to the same homotopy theory. Formally, this
means that, given two quasi-categories C' and D with weak equivalences and
cofibrations, the corresponding localizations LC and LD are equivalent co-cat-
egories. It will turn out that this equivalence of oco-categories itself is presented
by a zig-zag of right exact functors, but, in this section, we would like to start by
studying right exact functors C' — D that present equivalences of co-categories
LC — LD. That is, we study the homotopy theory of CofQCat arising from the
identification of quasi-categories with weak equivalences and cofibrations that
present, equivalent homotopy theories.

Definitions and Examples

First, we need to formalize what it means for a right exact functor F': C' — D
to "present" a functor LC' — LD. If we denote the localization functors by
Yo: C — LC and yp: D — LD, respectively, a common approach is to consider
filling problems of the form

c—Lt.+p

e |

Oftentimes, there is no functor LC' — LD such that the resulting square com-
mutes in any appropriate sense, but one may still ask for a best approximation
to such a functor, which leads us to the notion of Kan ezxtensions.

Definition 2.1. Let F: X — Y be a functor of U-small co-categories and Z a
U-small co-category. Then the functor

F*: Fun(Y, Z) —— Fun(X, 2)
defined by precomposition with F is called pullback functor. Its left adjoint
Fi: Fun(X, 7)) —— Fun(Y, 2)
is called the left Kan extension operation along F whereas the right adjoint of
d Fi: Fun(X,Z7) —— Fun(Y, 2)
is the right Kan extension operation along F.

Remark. In the case that Z is the co-category 8 of spaces, these notions exist
by [Cis19, Proposition 6.1.14 & Corollary 6.3.10], but in general this is not the
case. Following [Cis19, Paragraph 7.5.23 & Definition 7.5.26], we will use the
notion of local Kan extensions to define total derived functors, i.e. to ask that

HomFun(X7Z) (‘F*(_)7F) : FUH(K Z)Op —3
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is representable or, respectively, that
Hompyn(x,z) (F, F*(—)) : Fun(Y,Z) —— 8
is co-representable, for a functor F': Y — Z.

Definition 2.2. Let F: C' — D be a right exact functor between U-small
quasi-categories with weak equivalences and cofibrations and let y¢o: C — LC
and vp: D — LD denote the localization functors. Then a total left derived
functor of F' is a representative of the functor

Homg,c.2py ((00)" (=), 70 F) : Fun(LC, LD)*® —— §

and denoted by LF: LC — LD. Dually, a total right derived functor of a left
exact functor F': C — D is a corepresentative of the functor

Hompg,,c,1p) (’YDFa (ve)” (*)) : Fun(LC, LD) —— 8
and denoted by RF': LC — LD.

Remark. In the case that the left and right Kan extensions along ~y¢ exist, LF
is the right Kan extension of ypF along v¢o and RF is the left Kan extension
of vpF along v¢, i.e. LF = (y¢), (vpF) and RF = (y¢), (vpF).

More importantly, it should be noted that this notion can be defined in a
more general setting, e.g. when F': C' — D is just a morphisms of simplicial sets
and C and D are marked simplicial sets.

Proposition 2.3. [Cis19, Lemma 7.5.24] Let C' and D be U-small co-categories
with weak equivalenceﬂ and denote the localization functors by vo: C — LC
and yp: D — LD, respectively. Let F': C — D be a functor such that the
composite ypF: C — LD sends all weak equivalences to isomorphisms. Then
the functor ypF: LC — LD induced by the universal property of LC, is both a
total left and a total right derived functor of F'.

Proof. Recall that ypF is a functor for which vpFyc is isomorphic to ypF
in Fun(C,LD). Let e: ypFyc — vpF be a such an isomorphism and let
(v¢)* : Fun(LC, LD) — Fun(C,LD) denote the pullback functor. Then we
have vypFyc = (v¢)* (ypF) and composing with e forms the isomorphisms in
Fun(Fun(LC, LD),8):

@Fun(C,LD) (('YC)* (=), (ve)” (F)) — @Fun(C,LD) (('YC)* (—),’YDF)
I—IoirnFun(C',LD) (’YDFv (PYC)* (_)) . I{OirnFulﬂ(C7LD) ((VC)* (F) 7(70)* (_)) .

By the definition of localization functors, (y¢)" is fully faithful, so that there
are isomorphisms in Fun(Fun(LC, LD),8) of the form:

mFun(LC,LD) (—»WDF) — @Fun(c,LD) ((VC)* (=) (W’C)* (WDF))
mFun(LC,LD) (7DF, —) — ann(C,LD) ((’YC)* (VDF) ,(ve)” (_)) .

This shows that vpF represents Homp,, (¢ 1.py ((7¢)" (=), 7pF) and corepre-
sents Homp,, . r.py (Y F, (7o) (=), which concludes the proof. O

IThis means that there are subcategories whose morphisms we call weak equivalences.
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Remark. In this case, the total left and total right derived functors of F' coin-
cide and, for this reason, we might speak of the total derived functor without
mentioning the sidedness. Note that the conditions of this lemma are met by
functors between marked simplicial sets that preserve the markings, e.g. by right
exact functors whose domain consists of only cofibrant objects.

Corollary 2.4. [Cis06, Proposition 7.5.6] Let F: C — D be a right ezact
functor between quasi-categories with weak equivalences and cofibrations and
assume that all objects in C' are cofibrant. Then the total left derived functor
LF: LC — LD is right ezact.

Remark. By LC and LD are finitely cocomplete, so that, if pre-
sented by quasi-categories, they carry a natural structure of quasi-categories
with weak equivalences and cofibrations where the former are the isomorphisms
and the latter are all maps.

Proof of corollary. We need to show that LF preserves finite limits, i.e. initial
objects and pushouts. By the preceding proposition, (yo)* (LF) is naturally
isomorphic to yp F'. Since F and localization functors preserve initial objects, so
does LF. By pushouts in LC and LD are computed by pushouts

of cofibrations in C' and D, respectively, which F' preserves by
Therefore, LF preserves pushouts. O

Definition 2.5. [Szul4] Definition 1.7] A weak equivalence in CofQCat is a right
exact functor between quasi-categories with weak equivalences and cofibrations
whose total left derived functor is an equivalence of co-categories. Informally,
this means weakly equivalent quasi-categories with weak equivalences and cofi-
brations present the same homotopy theory.

Example 2.6. For obvious reasons, identities of quasi-categories with weak
equivalences and cofibrations are weak equivalences as their total derived func-
tors are again identities.

Example 2.7. Let C be a quasi-category with weak equivalences and cofibra-
tions. Its full subcategory C. C C of cofibrant objects forms a quasi-category
with weak equivalences and cofibrations where the weak equivalences and cofi-
brations are those with cofibrant source and target. By citing
[Cis19, Theorem 7.5.18], the inclusion functor i: C. < C'is a right exact func-
tor, which is a weak equivalence of quasi-categories with weak equivalences and
cofibrations. In other words, all the homotopical data of a quasi-category with
weak equivalences and cofibrations is entirely contained in its subcategory of
cofibrant objects and the importance of this has been outlined in the previous
section.

Example 2.8. [Cis19, Remark 7.1.5] Let C' be a marked simplicial set with a
localization functor v: C' — LC. Then the saturation C of C is defined to be
the underlying simplicial set of C' where all edges that v sends to isomorphisms
in LC are marked. That is, v~ ((LC)=) is the subcategory of marked edges,
itself given by the pullback of simplicials sets:

THELC)) —— C

Lk

(LC)= — LC.
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Furthermore, using the fact that any morphism C' — D of simplicial sets that
sends marked edges to isomorphisms factors through LC and that morphisms
of simplicial sets preserve isomorphisms, one can check that such a morphism
already sends the marked edges of C' to isomorphisms. Therefore, v forms a
localization functor of C' as well, so that the identity of C induces a morphism
s: C — C whose total derived functor is the identity of LC, an equivalence of
oo-categories.

If C is a quasi-category with weak equivalences and cofibrations, then so is
C where the class of cofibrations remain unchanged. The only non-trivial point
to verify is the pushout axiom for trivial cofibrations: let i: a — b be a trivial
cofibration in C' with a cofibrant and let f: a — o’ be a map in C with o’

cofibrant. By |[Lemma 1.9} the coproduct a’ U, b exists. Now, given a pushout
square in C of the form

aL) a’
zl i
b —— ¥V,

i’ is already a cofibration in C' and it remains to show that i’ is a weak equiva-
lence in C. By this diagram in C' is a homotopy pushout square.
Per assumption, () is an isomorphism in LC' and, as the class of isomorphisms
is closed under pushouts, v(i') is an isomorphisms as well. Therefore, i’ is a
weak equivalence in C. Hence, C is a quasi-category with weak equivalences
and cofibrations, and the canonical functor s: C — C is a (right exact) weak
equivalence of quasi-categories with weak equivalences and cofibrations.

The notion of total derived functors depends highly on the notion of weak
equivalences as demonstrated by the following.

Example 2.9. The identity functor of sSet induces a Quillen adjunction be-
tween the Kan-Quillen and the Joyal model structure on simplicial sets, which is
not a Quillen equivalence, i.e. this adjunction does not produce an equivalence of
the respective localizations. This means that left or right exact functors which
are equivalence of the underlying quasi-categories are generally not weak equiv-
alences of quasi-categories with weak equivalences and fibrations or cofibrations,
respectively.

Meanwhile, cofibrations are not necessary to define total derived functors,
but still useful for computational reasons, e.g. to show that they exist in the
case of quasi-categories with weak equivalences and cofibrations.

Proposition 2.10. [Cis19, Paragraph 7.5.25] Let F': C — D be a right exact
functor between quasi-categories with weak equivalences and cofibrations. Denote
the inclusion of the full subcategory of cofibrant objects by i: C. — C, the
localization functors by vc: C — LC, v¢,: Cc. — LC. and yp: D — LD
and the total derived functor of i and its quasi-inverse by 7: LC, — LC and
Q: LC — LC,, respectively. Then the composite L(Fi)Q: LC — LD is a total
left derived functor of F'.

Remark. Since i and Fi preserve all weak equivalences, their total (left) derived

functors 7 and L(F'%i) exist by the preceding lemma. By [Lemma 1.24| citing
|Cis19), Theorem 7.5.18], 7 is an equivalence of oo-categories, so that there exists

a quasi-inverse Q).
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Proof of proposition. As a quasi-inverse of an equivalence of oo-categories, 7 is
left adjoint to QE so that 7* is naturally isomorphic to @, as functors from
Fun(LC, LD) to Fun(LCC,LD)ﬂ Therefore, 7* is left adjoint to @Q*, so that
L(Fi)Q = Q*(L(F1)) represents the functor

Homg,, . 1py (=), L(F%)) : Fan(LC, LD)*® — 8,

which is the composite of the functor represented by L(F%) and the dual of
7*: Fun(LC,LD) — Fun(LC.,LD). Per definition, the former is (naturally
isomorphic to) the functor

mFun(cC,LD) ((WCC)* (—)WDFZ') : FHH(LC&LD)OP — 38,
which itself is naturally isomorphic to the functor

@Fun(C,LD) ((VCYk (@Q*(—)) "YDF) : Fun (LC,,LD)® — 8.

For a proof of the last natural isomorphism, we would like to refer the reader
to |Cis19, Corollary 7.5.17], which proves the dual (and global) version of this
statementﬂ So, L(F'i)Q represents the functor

ann(C,LD) ((VC)* Q" (@ (-))) 77DF) ¢ Fun (LC, LD)OP — S,

which is naturally isomorphic to
Hompy, o, 1p) ((’YC)* (‘)v’YDF) : Fun (LC, LD)*® — 8

because Q*7* is naturally isomorphic to the identity. Hence, L(F'%)Q is a total
left derived functor of F. O

Corollary 2.11. [Cis06, Proposition 7.5.28] Let F: C — D be a right exact
functor between quasi-categories with weak equivalences and cofibrations. Then
the total left derived functor LF: LC — LD is right ezact.

Proof. Since equivalence of oo-categories preserve finite limits, the preceding

proposition and imply that LF is the composite of two right exact
functors. O

Definition 2.12. [Szuld] Definition 1.9] A fibration in CofQCat is a right
exact functor F': C' — D between quasi-categories with weak equivalences and
cofibrations that satisfies the following properties:

0. Fis an inner fibration: For any pair of inner horn 7: A} — C and simplex
o: A" — D such that F(7) = o|ay, there is a simplex ¢: A" — C such
that {|ay = 7 and F({) = 0.

1. F is an isofibration: For any isomorphism g: F(¢g) — d in D with ¢p an
object in C, there is an isomorphism f: ¢y — ¢; in C with F(f) = g.

1See [Cis19, Proposition 6.1.6]

2See [Cis19, Theorem 6.1.23].

3Tn order to apply this reference, D needs to be U-complete, which is generally not the
case, but, as D can be replaced by Fun (D°P,8) via the continuous, fully faithful Yoneda
embedding, we may assume that D is U-complete.
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2. F lifts factorizations: For any map f: ¢ — ¢1 in C with ¢ cofibrant and
any commutative triangle S in D of the form

_ d
F(co) — 7 F(e1)

with j a cofibration and ¢ a weak equivalence in D, there is a commutative

triangle o in C' of the form
/ C
f

cop —— C1

with ¢ a cofibration and s a weak equivalence in C' such that F(a) = §.

3. F lifts pseudo-factorizations: For any map f: ¢cg — ¢; in C with ¢q cofi-
brant and any commutative square 8 in D of the form

Fleo) 2% F(er)

[k

d04t>d1

with j a cofibration, ¢ a weak equivalence and w a trivial cofibration in
D, there is a commutative square « in C of the form

C()%Cl

Co —5 7 C3

with ¢ a cofibration, s a weak equivalence and v a trivial cofibration in C
such that F(«) = S.

4. F reflects cofibrant objects: Any object ¢ in C' for which F(c) is cofibrant
in D is already cofibrant.

5. F reflects the 2-out-of-6 property for weak equivalences between cofibrant
objects: For any a triple (f,g,h) of composable maps between cofibrant
objects in C such that there are composites g o f and h o g which are
weak equivalences in C, a composite h o go f is a weak equivalence in C
it F(hogo f) is a weak equivalence in D.

By the 2-out-of-3 property for weak equivalences, this would imply that
all maps f, g and h are weak equivalences.

Remark. One can easily check that all identities of cofibration quasi-categories
are fibrations and that the class of fibrations of quasi-categories with weak
equivalences and cofibrations is closed under composition.

Definition 2.13. Let CofQCat, be the full subcategory of CofQCat spanned
by the fibrant objects.
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The Main Theorem of

For unfortunate reasons, it is not possible (for the author) to show the factoriza-
tion axiom for CofQCat, but for CofQCat ;. Although the remaining conditions
and axioms of are going to be proven for CofQCat, we would like to
state the following weaker assertion:

Theorem 2.14. The nerve of CofQCat; is a homotopical quasi-category of
fibrant objects. For reference, the single conditions are listed as follows:

o [Lemma 2.13 for the fibrancy of all objects;

o Remark of [Lemma 2.12 for the stability of fibrations under composition
and for the fact that all identities are fibrations;

o [Lemma 2.6 for the stability of weak equivalences under identities;

o [Lemma 215 for the 2-out-of-3 property for weak equivalences;

o [Lemma 2.16] for the existence of a terminal object;

. for the pullback axioms for cofibrations and trivial cofibra-

tions;
o [Lemma 2.26| for the factorization aziom.

Remark. By (the dual of) [Lemma 1.27, we can use the equivalence of cate-
gories between CofQCat and FibQCat, which is given by forming the opposite

or dual quasi-categories, in order to transfer the notion of weak equivalence and
fibrations from CofQCat onto FibQCat such that the nerve of a specific sub-
category of FibQCat is a homotopical quasi-category of fibrant objects, namely
the subcategory of fibrant objects.

Proposition 2.15. The class of weak equivalences in CofQCat satisfies the
2-out-of-6 property.

Proof. Let F': C — D and G: D — E be two right exact functors between
quasi-categories with weak equivalences and cofibrations. By [Cis19, Proposi-
tion 7.5.29], the following diagram of oo-categories

LC
N
LD —— LFE
L(GF)

commutes up to natural isomorphism. By Proposition 6.1.6 & 6.1.7]
functors that are naturally isomorphic to equivalences of co-categories are them-
selves equivalences, so that we may conclude this proof by the 2-out-of-6 prop-
erty for equivalences of co-categories. O

Proposition 2.16. CofQCat admits a terminal object, namely A°.
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Proof. A° carries a unique structure of a quasi-category with weak equivalences
and cofibrations: As identities have to be cofibrations, so must be the identity of
0. Therefore, 0 is cofibrant and, thus, the identity of 0 is a trivial cofibration by
Then the statement follows from the fact that, for any quasi-cate-
gory with weak equivalences and cofibrations C, the canonical functor C' — A°
is already right exact. O

Remark. The fibrant objects in CofQCat are those quasi-categories with weak
equivalences and cofibrations that satisfy the following conditions:

0. The underlying simplicial set is a quasi-category.
1. Each object admits an object that is isomorphic to it.

2. Each map with cofibrant source factors into a cofibration followed by a
weak equivalence.

3. Each map with cofibrant source pseudo-factors into a cofibration followed
by a zig-zag of a weak equivalence and a trivial cofibration.

4. All objects are cofibrant.

5. Weak equivalences (between cofibrant objects) satisfy the 2-out-of-6 prop-
erty.

Note that any quasi-category with weak equivalences and cofibrations satisfies
all, but the last two conditions: (0) obviously holds. For (1), one may choose the
identity map, and (2) is the factorization axiom and already implies condition
(3).

For this reason, the fibrant objects in CofQCat; will be called homotopical
quasi-categories of cofibrant objects, and we would like to mention that this is
the quasi-categorical analogue to the cofibration category in [Szul4).

Example 2.17. A notable example of homotopical quasi-categories of cofibrant
objects are localizations of quasi-categories with weak equivalences and cofibra-
tions. In particular, any object in CofQCat has a fibrant replacement.

The Pullback Axioms

In order to prove the pullback axioms for CofQCat, it will be helpful to detect
fibrations in CofQCat by right lifting properties in an ambient category.

Definition 2.18. Let the category CofQCat; be defined by the following data:

e The objects are quasi-categories with two classes of maps, the so-called
cofibrations and weak equivalences, which contain all identities and are
closed under composition.

e The morphisms are functors between quasi-categories that preserve both
classes of maps.

e The composition law is given by the usual composition of functors between
quasi-categories.
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Remark. Because right exact functors between homotopical quasi-categories of
cofibrant objects preserve all weak equivalences and cofibrations, CofQCat is

a (non-full) subcategory of CofQCat.

Example 2.19. Let k£ and n be natural numbers such that 0 < £ < n. Then
only the identity maps in the inner horn A} and the simplex A" are declared
to be weak equivalences and cofibrations.

Let [n] denote the canonically totally ordered set {0,...,n}. Moreover,
we regard partially ordered sets as skeletal thin categoriesEl, so that monotone
(increasing) functions between them become functors between their categories.
Then the examples of our interest are:

e [0] where the identity of 0 is a trivial cofibration;

e [1] where the identities are trivial cofibrations;

e [2] where 0 — 1 is a cofibration and 1 — 2 is a weak equivalence.
For [Lemma 2.21] we would like to modify the structure on [1]:

e [1],, has additionally 0 — 1 as a weak equivalence;

e [1]. has additionally 0 — 1 as a cofibration.

Let O denote the power set of {0,1}, partially ordered by the C-relation.
We declare ) C {0} to be a cofibration, {0} C {0,1} to be a weak equivalence
and {1} C {0,1} to be both.

Moreover,

Lastly, let J denote the free-standing isomorphism, i.e. the category with
two objects 0 and 1 and with two non-trivial maps 0 — 1 and 1 — 0, which
are mutually inverse to each other. Then all maps in J are declare to be trivial
cofibrations.

Lemma 2.20. Let F': C — D be a right exact functor between homotopical
quasi-categories of cofibrant objects. Then F is a fibration if and only if F
has, in CofQCat;, the right lifting property with respect to (the nerve of) the
following functors:

0. A} — A™;

1. [0] — J sending 0 to 0;

2. [1] — [2] sending 0 to 0 and 1 to 2;
3. [1] — O sending 0 to © and 1 to {1}.

Here, the classes of weak equivalences and cofibrations are defined as in the
preceding example.

Remark. The proof is left to the reader, but it should be noted that condition

(4) and (5) of |Lemma 2.12| already hold for F' as all objects in C are cofibrant
and the weak equivalences in C satisfy the 2-out-of-6 property.

n our examples, categories themselves are regarded as quasi-categories via the nerve
functor.
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Lemma 2.21. [Szul/), Proposition 1.11] Let P: C — D be a fibration of ho-
motopical quasi-categories of cofibrant objects. Then P is a weak equivalences
if and only if P has, in CofQCaty, the right lifting property with respect to the
nerve of the following functors:

1. [1] = [1]}, sending 0 to 0 and 1 to 1;
2. [0] — [1]. sending 0 to 0.

We will use the following characterization of weak equivalences of quasi-cat-
egories with weak equivalences and cofibrations:

Theorem 2.22. [Cis19, Proposition 7.6.15] A right exact functor F: C — D
between quasi-categories with weak equivalences and cofibrations is a weak equiv-
alence if and only if it satisfies the following properties:

1. For any map [: a — b between cofibrant objects in C' for which F(f) is a
weak equivalence in D, there is a map g: b — ¢ in C with ¢ cofibrant such
that a composite go f: a — ¢ is a weak equivalence in C.

2. For any cofibrant objects co in C and dy in D and any map g: F(co) — do
in D, there is a commutative diagram in D of the form

Fleo) = P(e)

ol I

d04t>d1

where f: co — ¢1 is a map in C with ¢; cofibrant and both s: F(c1) — dy
and t: dy — dy are weak equivalences in D with dy cofibrant.

Proof of lemma. First, assume that P has the right lifting properties with re-
spect to [1] — [1],, and [0] — [1]. in CofQCat,. In particular, P reflects wealk
equivalences and it remains to show that P satisfies the second condition of
So, consider a map g: P(cyp) — dp in D with ¢y and dy cofibrant.
As right exact functors preserves cofibrant objects, P(cg) is cofibrant in D, so
that, by the factorization axiom, there is a commutative triangle in D

/\

Co e — ” dO
with 4 a cofibration and s a weak equivalence. By the right lifting property with
respect to [0] — [1]., there is a cofibration f: ¢y — ¢; in C with P(f) = 1.

Finally, we may conclude with ¢ := 14, as then the diagram in D

P(co) =2 P(ey)

d04t>d1

commutes per construction.
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Conversely, assume that P is a weak equivalence in CofQCat, i.e. P satisfies
condition (1) and (2) of[Lemma 2.22] Let f: a — b be a map between cofibrant
objects in C such that P(f) is a weak equivalence in D. By condition (1), there
isamap g: b — ¢ in C' with ¢ cofibrant such that a composition go f: a — ¢
is a weak equivalence in C. As right exact functors preserve weak equivalences
between cofibrant objects, P(g o f) is a weak equivalence in D and, by the
2-out-of-3 property for weak equivalences, P(g) is a weak equivalence in D.
By condition (1), there is a map h: ¢ — d in C such that hog: b — d is a
weak equivalence in C, so that P(h o g) and thus P(h) are weak equivalences
in D. Hence, P(hogo f) is a weak equivalence in D, as a composition of
weak equivalences. As P reflects the 2-out-of-6 property for weak equivalences
between cofibrant objects, h o g o f and, by the 2-out-of-3 property, f, g and h
are weak equivalences. In particular, we have shown that f is a weak eqivalence
in C if and only if P(f) is a weak equivalence in D. Therefore, P has the right
lifting property with respect to [1] — [1]..

Now, let ¢g be a cofibrant object in C' and i: P(co) — dy a cofibration in D
with dy cofibrant. By there is a commutative diagram in D

P(eo) 2% per)

do 4t> dy.
where f: ¢y — ¢; is a map in C with ¢; cofibrant and both s: P(¢;) — dy and

t: dy — dy are weak equivalences in D with d; cofibrant. By the pushout axiom
for cofibrations, there is a pushout square of D

Pleo) —29 . p(ey)

zi Jibz

do ——— do Up(cy) P(c1)
with ¢ a cofibration, so that the previous commutative square induces a map
(t,8): do Up(cy) P(c1) — di. As the canonical map @c — do Up(c,) P(c1)
can be factored into @ — P(c;1) followed by o, both of which cofibrations,

do Up(cy) P(c1) is a cofibrant object in D and, by the factorization axiom, there
is a commutative triangle in D

where j is a cofibration and r is a weak equivalence. This induces a commutative
triangle in D
d
TN
do (t,s)oty dy
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Because of t = (t, s)ot1, which is a a weak equivalence, jot is a weak equivalence
by the 2-out-of-3 property. As a composition of two cofibrations, j o 15 is a
cofibration and fits into the commutative triangle

d
jV \‘

P(Cl) dl.

(t,s)ots

As we have s = (¢, s) oo, which is a weak equivalence, jous is a weak equivalence
by the 2-out-of-3 property, thus a trivial cofibration. Hence, the square in D

Plco) 29 Per)

zJ{ J{jOLz
dy ——— d,
Jot1
which commutes per construction, is a pseudo-factorization of P(f). Since P

lifts pseudo-factorizations, there is a cofibration i’ in C' with P(i’) = ¢. This
shows that P has the right lifting property with respect to [0] — [1]. O

Remark. For future references, we would also like to highlight the following
statement: Let F': C — D be a right exact functor between quasi-categories
with weak equivalences and cofibrations and assume that the class fo weak equiv-
alences between cofibrant objects in C' satisfies the 2-out-of-6 property. Then F'
satisfies the first condition of citing [Cis19, Proposition 7.6.15] if
and only if F reflects weak equivalences between cofibrant objects. The "if"-di-
rection trivially holds, and the "only if"-direction has already been implicitly
shown in the second to last paragraph of the above proof.

Similarly to the last paragraph of the proof, we can show that, given a
commutative diagram in D of the form

F(eo) 2% Fey)

| s

dy —— dy

as in the second condition of [Lemma 2.22] we may assume without loss of

generality that f and ¢ are additionally cofibrations: First, factorize f into a
cofibration f': ¢y — ¢} followed by a weak equivalence r: ¢j — ¢;, and form the
pushout square of the form

Fco) 2% F(e))

| Js

dy —— d

with ¢ a cofibration. Then there is an induced map (¢,sF(r)): dj — dy such
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that the triangles

/ \th and / Y‘sF(r))

dy ———— dy F(d}) ———— dy

commute. Now, factorize (¢,sF(r)) into a cofibration j: di — dY followed by
a weak equivalence u: df — d;. Note that sF(r) is a weak equivalence, as a
composite of such, and that the triangles

" : \ and / " \

do d1 SF(r)

commute, so that ji and jg' are weak equivalences by the 2-out-of-3 property.
As a composite of cofibrations, ji is one itself. Hence,

Fleo) 2% F(ey)

HJ( ljg’
do —_— dll/
Ji
is a commutative square with f’ a cofibration, ji a trivial cofibration and jg’ a
weak equivalence.

Proposition 2.23. Let F: A — B and G: B — C be morphisms in CofQCat
such that all objects in A, B and C are cofibrant, G lifts factorizations of maps
(with cofibrant source) and F or G are inner fibrations and isofibrations. Then
the span

A-LsB S ¢
admits a pullback in CofQCat. In fact, we will show that any pullback in sSet of

the underlying simplicial sets can be equipped with the structure of a homotopical
quasi-category of cofibrant objects such that it is a pullback in CofQCat.

Remark. Instead of the condition that all objects in A, B and C' are cofibrant,
we may impose the following:

e F and G preserve all cofibrations and weak equivalences.
e coF or coG is an inner fibration and an isofibration.
e wI or wG is an inner fibration and an isofibration.

In particular, this implies that CofQQCat has all finite products.

Proof of proposition. Since F or G are inner fibrations and isofibrations between
quasi-categories, that is, fibrations in the Joyal model structure on sSet, there
is a pullback square of the form

AXBCL}C

m| J{G (2.23.1)
B

A F
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in sSet. Since all objects in A, B and C are cofibrant, F' and G preserve all
cofibrations per definition and all weak equivalences by [Ken Brown’s lemmal so
that there are spans of quasi-categories of the form

coA —E 5 coB +S— coC and wA —E5 wB <% wC .

Since all objects are cofibrant and all isomorphisms between cofibrant objects
are trivial cofibrations by one can check that, in each of the two
spans, at least one leg is an inner fibration and an isofibration, so that there are
pullback squares of the form

co(AxpC) — coC w(AxpgC) "= wC
I
coA — coB wA — wB

in sSet. Easily, one can check that the canonical maps co (A x5 C) — A x5 C
and w (A xp C) = A xp C are inclusions of subcategories of A xp C.

Now, we show that (A xp C,w (A xp C),co(A xp (C)) forms a quasi-cate-
gory with weak equivalences and cofibrations. First, identities in A xg C are
given by a pair of identities in A and C' which F' and, respectively, G send to
the same identity in B. Since identities in A, B and C are cofibrations, so are
identities in A x g C. Second, commutative triangles in A x g C' are analogously
given by commutative triangles in A and C which F' and G send to the same
commutative triangle in B, so that the 2-out-of-3 property for w (A x5 C) fol-
lows from that for wA, wB and wC' and the fact that F' and G preserve all
weak equivalences since all objects are cofibrant. Third, since dualization forms
an involution of sSet, thus an equivalence of categories of the form sSet — sSet,

the dual diagram of ([2.23.1))

(AxpgC)® (W"’Lp Cop

ol e

AP Bop
FeoP

is still a pullback square in sSet. In fact, F°P or G°P are still isofibrations, so
that this pullback square presents a pullback square of co-categories. Therefore,
the existence of an initial object and the pushout axioms for cofibrations and
trivial cofibrations in A xp C follow from an application of [Cis19, Proposi-
tion 6.2.19] as initial objects and pushouts of (trivial) cofibrations are limits of
diagrams in (A x g C)°?, which F°P and G°P are assumed to preserve by right
exactness. In particular, this reference states that (m)°” and (m2)°" preserves
said limits, so that 7 and 2 are right exact since cofibrations and weak equiva-
lences are preserved by construction. It should also be mentioned that, because
the projections preserve initial objects, one can quickly check that all objects
in A xg C are cofibrant. Lastly, we want to verify the factorization axiom for
AxpC. Let f: x — y be a map in A xg C (with cofibrant source). By the
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factorization axiom in A, there is a commutative triangle in A of the form

N

_—
™ () w1 (f) ™ (y)

with 7 a cofibration and s a weak equivalence in A. Since F preserves all
cofibrations and weak equivalences, the induced commutative square in B

Fla)
IV o) \F(S)
Flm(a) —g— Fm®)

is a factorization of F'(m(f)) into a cofibration F'(i) followed by a weak equiva-
lence F'(s). Because of F(m1(f)) = G(m2(f)) and because G lifts factorizations,
there is a commutative triangle in C of the form

2N

mo(2) —— 5 m2(y)

with j a cofibration and ¢ a weak equivalence in A such that G(7) = F(o). Thus,
the commutative triangles o in A and 7 in C' define a factorization of f into a
cofibration (4, j): x — (¢, d) followed by a weak equivalence (s,t): (¢,d) — y in
A XpB C.

Finally, we can show that A x g C' is a pullback in CofQCat. Let

Jo JEELINYG

m e

A —5 B
be a commutative square in CofQCat. By the universal property of the un-
derlying quasi-categories, there is a unique functor H: D — A x g C such that
Hr; = H; holds for ¢ € {1,2}. Since H; and H, are right exact, there are
induced commutative squares of quasi-categories of the form

wD, e coD, 2y o0
HIJ/ \LG and Hll \LG
wA — wB coA — coB

which correspond to functors wD, — w (A x5 C) and coD. — co (A xp C) by
the universal property of pullbacks in sSet. One can check that these induced
functors are restrictions of H, i.e. H preserves cofibrations and weak equiva-
lences of cofibrant objects. The fact that H preserves intial objects and pull-
backs of cofibrations follow from an application of [Cis19, Proposition 6.2.19]:
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Let §: I — D°P be either the empty diagram or a cospan of cofibrant objects
where one leg is a cofibration in D. By the existence of initial objects and the
pushout axiom for cofibrations, the limits of 6 and (H;)°P(9) for i € {1, 2} exist.
By right exactness, these limits are preserved by F°P and G°P, so that [Cis19,
Proposition 6.2.19] implies that H°P(§) has a limit in (A x g C')°” whose image
by (m;)°P is a limit of (H;)°P(d) for ¢ € {1,2}, which itself is the image by
(H;)°P of the limit of § by right exactness of H;. Thus, the limit of H°P(§) is
the image by H°P of the limit of J, i.e. H preserves initial objects and pullbacks
of cofibrations. Therefore, H is right exact and this concludes the proof that
A x g C'is a pullback in CofQCat. O

Corollary 2.24 (Pullback axioms in CofQCat). Let F: A — B and G: B — C
be right exact functors between homotopical quasi-categories of cofibrant objects
such that G is a (trivial) fibration. Then the span in CofQCat

A-Lf,.pcf ¢

admits a pullback in CofQCat, and, for any pullback square in CofQCat of the
form

Q

F/
—

G

—

Q
T

s

)

F
G’ is a (trivial) fibration.

Proof. The preceding proposition implies the first assertion. The second to last
paragraph of the preceding proof also shows that the specific pullback Ax g C in
CofQCat is a pullback in CofQCat ; as well. As classes of morphisms defined by
right lifting properties are closed under pullbackﬂ m: AxgC — Ais afibration
(or trivial fibration) by [Lemma 2.20| (or [Lemma 2.21] respectively). By the
universal property, there is a canonical isomorphism 7: D — A x gC in CofQCat
such that mI = G’ and w2 = F’. Given any object d in D, let @p — d denote
the canonical map in D. Then its image under I is @ 4%, — I(d), which is a
cofibration since any object in A x g C' is cofibrant, so that its image under the
inverse I~! is a cofibration as well, but this has to be @p — d again. Thus, d
was cofibrant. Therefore, all objects in D are cofibrant. Recall that right exact
functors whose domain consists of only cofibrant objects preserve all cofibrations
and weak equivalences, so that the diagram

D—I>A><BCL>D

b

A ida A ida A

is a diagram in CofQCat; and is clearly commutative. Hence, G’ is a retract of
w1 and has the same right lifting properties as m; because classes of morphisms

defined by right lifting properties are closed under retracts. By or
Lemma 2.21) G’ is a fibration or a trivial fibration, respectively. O

1See [Cis19l Proposition 2.1.4 (g)].
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Using |Lemma 2.22| citing [Cis19} Proposition 7.6.15], we can already prove
for CofQCat without the use of the factorization axiom for CofQCat ;.

Proposition 2.25. Consider a pullback square in CofQCat of the form

DLC
G’l la
AT>B

with G a fibration, F' o weak equivalence and A and B fibrant in CofQCat. Then
F' is a weak equivalence. In particular, such a pullback square is a homotopy
pullback square.

Proof. We will verify the two conditions of [Lemma 2.22] modified according to
its remarkt

First condition Let f:a — b be a map of cofibrant objects in D such that
F'(f) is a weak equivalence in C. Then G(F'(f)) is a weak equivalence in B.
Because F is a weak equivalence in CofQCat and because of GF’ = FG’, this
implies that G'(f) is a weak equivalence in A. Therefore, f is a weak equivalence
in D.

Second condition Let g: F'(a) — x be a map in C with a an object in D.
Then there is a cofibration h: G’(a) — ¢ in A and a commutative square in B
fo the form

G(F'(a) —% Fe)

G(g)l Jv
z

Glz) ——

u

with u a trivial cofibration and v weak equivalences in B. Note that we used
GF' = FG here, and that this diagram forms a pseudo-factorization of G(g).
Since G is a fibration in CofQCat, it lifts this pseudo-factorization to one of g
in C, i.e. there is a commutative square in C of the form

}

F'(a)
!

with k£ a cofibration, ¢ a trivial cofibration and s a weak equivalence that G
sends to the diagram above. Note that h and k define a cofibration f: a — b in
D. Hence, k is of the form F'(f): F'(a) — F’(b). This concludes the proof. [

LA

1

The Factorization Axiom and Path Objects

We will show that, given a right exact functor F': C' — D between homotopical
quasi-categories of cofibrant objects, any factorization of its total (left) derived
functor provides a factorization of F' via pullback. For this, we will refer to
constructions and statements in
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Proposition 2.26 (Factorization axiom for CofQCat;). Let F': C — D be
a right exact functor between homotopical quasi-categories of cofibrant objects.
Then there exists a factorization of F into a weak equivalence followed by a
fibration, i.e. there is a commutative square in CofQCat of the form

C/
PN
C———D
with S: C — C' and P: C' — D a fibration.

Proof. Since all objects in C' and D are cofibrant, F' preserves all weak equiva-
lences, so that there is a commutative square in sSet of the form

c—L.+p

e |

LCT>LD

with v and vp localization functors. A construction of such a commutative

square will be given in Note that all functors are right exact,
so that this diagram is a commutative square in CofQCat as well. If seen as
fibrant objects in the Joyal model structure on sSet, there is a factorization of
F into a weak categorical equivalence followed by a functor which is both an
inner fibration and an isofibration. We claim that this forms a factorization in
CofQCat as well. In|Lemma 3.7} we will prove the slightly more general state-
ment that any factorization of a right exact functor between finitely cocomplete
quasi-categories in the Joyal model structure forms a factorization in CofQCat.
Thus, there is a commutative triangle in CofQCat of the form

e

L ———— LD
F

with S a weak equivalence and P a fibration in CofQCat. By [Lemma 2.24] there
is a pullback square in CofQCat of the form

c —L5Dp

o e

XTLD

with P a cofibration and, by G a weak equivalence. Since the
diagram in CofQCat
¢c—L-D
Tyo YD

—
XTLD

38



commutes, there is a right exact functor S: C — C’ such that the triangles in

CofQCat
C’ c’
7’ \GJ and 7’ R
_ _
C Tro X C 7 D
commute. Tvyo is a weak equivalence, as a composite of suc. Therefore, S is

one as well by the 2-out-of-3 property, so that we may conclude the proof with
the commutativity of the latter triangle. O

This concludes the proof of

Observation 2.27. In the factorization above

2N

LC’—>LD

T can be chosen to be a trivial cofibration in the Joyal model structure. There-
fore, given another factorization

=N

LC — LD
of the same form, the commutative square

Lc I, x

ol e
X —5 LD

admits, due to the lifting properties of trivial cofibrations with respect to fi-
brations (or vice versa) in the Joyal model structure, lifts ¢: X — X’ and
¢: X' — X, which have to be weak categorical equivalence by the 2-out-of-3
property. This gives us commutative squares

X -2, 1p2 p x -9, p2p

lﬁ llLD llD and l / llLD 1p

X' — LD «— D X LD D
Q' 7D Q D

inducing weak equivalences
(f,lD): X xXrp D — X’ xp D and (6/,11))2 X' xXrp D — X xXp D
in CofQCat, which are lifts of the commutative square in CofQCat

CLX’XLDD

T'ycl lPTQ

XXLDDTD.

39



Hence, all factorizations of a right exact functor F': C'— D in CofQCat which
are produced by factorizations of F': LC' — LD in the Joyal model structure on
sSet via pullback are connected by weak equivalences in CofQCat.

Remark. It is unknown to the author whether all factorizations in CofQCat
arise in this manner, but, given a factorization in CofQCat; of the form

N

C —— D
with S a weak equivalence and P a fibration, the resulting commutative square

¢ —L D

ver | [

Lc’ — LD

is a homotopy pullback square in CofQCat, since the vertical maps are weak
equivalences. Therefore, there is a factorization of P in CofQCat h;

2N

Lc’ —F LD

with T a weak equivalence and @ a fibration such that the right exact functor
(Tye,vp): C" — X Xrp D induced by the commutative square

c —L£5p

Tre| [

X -5 LD
is a weak equivalence in CofQCat. In general, all factorizations are connected
by a span of weak equivalences since they are isomorphic in the localization,
but this result shows us that these weak equivalences can be chosen, so that all
domains and codomains form factorizations themselves.

Since this section is originally supposed to be a generalization of [Szul4
1. Cofibration categories|, we would like to recall its construction of path objects
in CofQCat .

Notation 2.28. Any quasi-category X will be identified with Fun (AO, X) and
vice versa. Let C' and D be quasi-categories. Then we denote the canonical
functor C — A° by pc and the pullback functor (pc)”: D — Fun(C, D) is
called C-ary diagonal functor of D and denoted by Ac. Moreover, for any
object ¢ in C, the pullback functor ¢*: Fun(C,D) — D is called evaluation
functor at ¢ and denoted by ev..

Remark. The (3A1)—ary diagonal functor is simply called the (ordinary) di-
agonal (functor). Note that, for all quasi-categories X, we usually identify
Fun (8A17 X) with X x X and vice versa.
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Definition 2.29. Let A3 denote the (2,2)-horn. Then, for any homotopical
quasi-category C' of cofibrant objects, let path(C) denoteﬂ the full subcategory
of Fun (A3, C) spanned by spans in C' whose legs are trivial cofibrations.

Remark. Objects a in Fun (A3,C) are spans in C of the form
io i1
ag — a9 < at,
and maps f: a — b in Fun (A%, C) are commutative diagrams in C' of the form

ao—>a2<—a1

ol s

bo s bg — bl.
Jo J1

Definition 2.30. Let f: a — b be amap in path(C) of the above form. If fy and
f1 are weak equivalences in C', then we call f a weak equivalence. If fy and f;
as well as the induced maps (jo, f2) : bo Ua, a2z — b2 and (ji, f2) : b1 Ug, a2 — b
are cofibrations in C, then we call f a cofibration.

Remark. If f as above is a weak equivalence in path(C), then f5 is a weak
equivalences in C, by the 2-out-of-3 property in C. If f is a cofibration in
path(C), then f3 is a cofibration in C, as the composite of such. Therefore,
weak equivalences and cofibration in path(C') are componentwise so in C. Note
that a map in path(C) is a weak equivalence if and only if it is componentwise
so in C whereas this does not hold for cofibrations.

Proposition 2.31. [Szul{), Proposition 1.16 €& Theorem 1.17 (C5)°P] path(C)
together with the classes of maps defined above forms a homotopical quasi-cate-
gory with weak equivalences and cofibrations such that the commutative triangle

path(

C)
/ \(evj,evl)

o1o) CxC

forms a path object of C' in CofQCat.

A proof of this is given in the We would like to sketch how to
derive this construction from the methods used in the proof of
More precisely, we construct a commutative square that exhibits path(C) as
the homotopy pullback of the canonical path object Fun(J, LC) of LC.

Observation 2.32. Let C' be a homotopical quasi-category of cofibrant objects
and denote its localization functor by vo: C — LC. Recall that LC' is finitely
cocomplete and that v¢ is right exact. One can checkﬂ that there is an equiv-
alence of oo-categories of the form L(C x C) — LC x LC which is given by

LAlthough, this has been denoted by P(C) in [Szul4], we choose a different notation
because, in the case that C is (the nerve of) a category, P(C') denotes a more general category.

See [Lemma 4.
See |Cis19, Proposition 7.1.13].
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the total derived functors of the projections C' x C' — C. Under this identifi-
cation, the diagonal of LC becomes the total derived functor of the diagonal of
C. Therefore, any path object of LC' produces one of C' via pullback.

Recall that, for any quasi-category X, the commutative triangle

Fun(J, X)

V \(Cvo),cvl)

X X xX
(1x,1x)

forms a path object of X in the Joyal model structure and, by in
CofQCat as well if X is finitely cocomplete. In our case, this means that a
pullback in CofQCat of the span

evo,

Fun(J, LC) 0 10w Lo <I9S ¢ x ©
would form a path object of C'

Fun JLC XLCXLC CXC

ALCVC,W \

(1c,1c)

Remark. Informally, such a pullback should be a quasi-category of pairs (a,b)
of objects in C' together with a "witness" of them being isomorphic in LC. If
an isomorphism i: a — b in LC' is considered to be such a witness in LC', then
the span of trivial cofibrations r: a — x and s: b — x that represents i should
be such a witness in C.

For the remainder of this subsection, we would like to show that Fun(J, LC)
is a localization of path(C') and present Fun(J, LC) by a quasi-category for
which there exists a commutative square of the form

(evo,evi)

path(C) CxC

| Jmc

Fun(J, LC) — LC x LC

(evo,evi)
on the level of simplicial sets.

Lemma 2.33. We declare all maps in A' and A3 to be weak equivalences, that
is, we consider the marked simplicial sets (A', A') and (A3, A3). Then the total
derived functors of the homotopical functomﬂ di: A — A3 and s1: A2 — AL
are mutually inverse equivalences of oco-categories. In particular, the composi-
tion of 57: LA3 — J and yxz: A5 — LA3 is a localization of A3.

Remark. We consider J to be the localization of A! at A' and would like to
present J by a quasi-category such that, for any quasi-category X, the pullback
functor Fun(J, X) — Funa: (Al, X) is an isomorphism on the level of simplicial
sets. Such a presentation of J can be found in [Cis19} Definition 3.3.3].

!These are the degeneracy and face maps and note that they factor or restrict to A3,
respectively.
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In order to prove this assertion, we would like to use the following strategy.

2.34. Let (C,V) and (D, W) be marked quasi-categories and denote their lo-
calizations by y¢: C — Ly C and vp: D — Lw D, respectively. Moreover, let
Fun((C,V), (D,W)) denote the full subcategory of Fun(C, D) spanned by so-
called homotopical functors, functors that send V to W. Given such a morphism
F: (C,V) — (D,W), its total derived functor F': LyC — Ly D is simply the
image under the composite

Fun((C, V), (D, W)) 225 Funy (C, Lw D) —<% Fun (LyC, Ly D)

where vp . denotes the functor given by postcomposing vp and ¢, is a quasi-in-
verse to the pullback functor v¢. Hence, any natural transformation e: F' = G
between morphisms of marked quasi-categories induces a natural transformation
€: F' = G between the total derived functors.

Now, if € belongs componentwise to W, i.e. for any object c: A — C, the
evaluation functor ev.: Fun((C,V), (D, W)) — D sends € to a morphism in W,
then vp .(e) is componentwise invertible because the diagram of co-categories

Fun((C, V), (D,W)) =2 Funy (C, Ly D)

cvcl lCVc

D LwD

YD

commutes. Therefor{l, vp.«(€) is a natural isomorphism and so is €: F' = G,
as the image of yp .(¢) under y¢.

Proof of lemma. On one hand, the composite sid; is the identity of A! and
thus the composite 37d; is equivalent to the identity of J. On the other hand,
it suffices to construct a natural transformation from the identity of A3 to the
composite dys; since all maps in A are weak equivalences. We leave it to the
reader to formalize this commutative diagram in A3

-

into a functor A' x A2 — A2. After transposition, this turns out to be the
natural transformation of the desired form. O

_ 22—

oSO

_ 22—

Observation 2.35. This diagram in CofQCat

(evo,evi)

A2
C —2, path(C) CxC

J{’Yc l’y J{’YcXc (2.35.1)

LC — Fun(J, LC) - LC x LC

(eV() ,evy

commutes. Here, v denotes the functor given by postcomposing with ¢ and
precomposing with d;.

ISee |Cis19, Corollary 3.5.12].
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Proposition 2.36. Let C' be a quasi-category with weak equivalences and cofi-
brations and denote its localization functor by yvc: C — LC. Then the functor
~v: path(C) — Fun(J, LC) is a localization functor.

Proof. Since all maps in the left inner square of the diagram in besides
the one in question are weak equivalenceﬂ so is v by the 2-out-of-3 property.
Recall that Fun(J, LC) is a finitely cocomplete quasi-category, that is, its weak
equivalences are the isomorphisms, so that its identity is a localization func-
tor since all functors preserve isomorphisms. Therefore, v is equivalent to the
localization functor of path(C) and, hence, itself a localization functor. O

Corollary 2.37. The right inner square of the diagram in (2.85.1|) is a homo-
topy pullback square in CofQCat.

The Homotopy Theory of CofQCat

Definition 2.38. Let i: CofQCat; — CofQCat denote the inclusion functor
and let £: CofQCat — CofQCat; be the functor that sends any category with
weak equivalences and cofibrations C' to the saturation of its full subcategory
of cofibrant objects. Following the notation of [Lemma 2.7] and [Lemma 2.8|
¢(C) will be denoted by C. and the canonical weak equivalence in CofQCat are
denoted by vc: C. — C and o¢: C. — C..

Remark. Since right exact functors preserve cofibrations between cofibrant ob-
jects, they preserve cofibrant objects, so that any right exact functor F': C' — D
restricts to a right exact functor of the form F.: C. — D, which is homotopical

by By the construction in paragraph [3.10] there is a commutative

diagram of simplicial sets of the form

CCL>Dc

’YCC\L J/’YDC

LC, —— LD,

so that F, sends v5' ((LC.)™) to vp! ((LD.)~). Thus, F. descends to a right
exact functor of the form F,: C. — D,. Per construction, this diagram in
CofQCat

~)

~

4)(}

c

F
—_—
LD
F,
—

Q

(2.38.1)

c

oc oD

%
+— 59—

., D,

commutes. Using this, one can check that the assignment C + C, indeed forms
a functor /.

LA proof of the fact that AA% is a weak equivalence is given in the , but it should

be pointed out that, for the purpose of this proof, it suffices to define a natural transformation

*
between the homotopical functors (pAg) and evg that is componentwise a weak equivalence.

See



Proposition 2.39. i: CofQCat; — CofQCat and £: CofQCat — CofQCat,
are homotopical functors, whose total derived functors are mutually inverse
equivalence 7: LCofQCat; — LCofQCat and ¢: LCofQCat — LCofQCat; of
oo-categories.

Proof. Clearly, i is homotopical. Let F': C — D be a weak equivalence in
CofQCat. Since tc: C. — C and o¢: C. — C. are weak equivalences in
CofQCat, so are F,: C, — D, and thus F,.: C. — D, by the 2-out-of-3 property
and the commutativity of the diagram in (2.38.1). Therefore, ¢ is homotopical.

Since (i is trivially (equivalent to) the identity of CofQCat;, its total de-
rived functor /i is equivalent to the identity of LCofQCat,. By the existence
and commutativity of (the upper half of) the diagram in , the assignment
C +— C, forms a functor u: CofQCat — CofQCat. Furthermore, the diagram in
shows that there are two natural transformations ¢: p = idcofqcar and
o: p = ¢, which are componentwise the weak equivalences tc: C. — C and
oc: C, — C,, respectively. By [Lemma 2.34] this implies that the induced natu-
ral transformations ¢: i = idpcorQcas and o: ft = 0 are natural isomorphisms.
Hence, il is equivalent to idrcotqcat- O

The Pseudo-factorization Axiom

Although CofQCat lacks the factorization axiom, it admits a weaker version of
it: the so-called pseudo-factorization aziom. In the following, we will show that
it implies statements, analogous to [the factorization lemmal and [Ken Brown’s|

Temmal

Proposition 2.40. Any map in F': C — D in CofQCat admits a pseudo-fac-
torization.

Proof. By a previous remark, there is a commutative square in CofQCat of the
form

C’CLDC

Lc lLD

where 1o and ¢p are weak equivalence by and it is left to the
reader to show that they are fibrations in CofQCat as well. Moreover, note
that holds even in the case that the classes of weak equivalences
are not saturated or, equivalently, do not satisfy the 2-out-of-of-6 property.
Therefore, the proof of is still applicable to F,: C. — D., that is,
any factorization of F.: LC, — LD, produces a factorization of F.: C, — D,

via pullback. Let
E
>N
Cc F., ” Dc
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denote such a factorization in CofQCat. Then

CCLE

| JLDP

¢ ——D
forms a pseudo-factorization of F' in CofQCat. O

Remark. The obstacle that prevents us from constructing factorizations for all
right exact functors in CofQCat with fibrant codomain is the fact that right
exact functors with arbitrary domain do not preserve all weak equivalences, but
only those between cofibrant objects. A possible solution would be the ability
to construct cofibrant replacements that form right exact functors C' — C..

Proposition 2.41 (Pseudo-factorization Lemma). Let F': C — D be a mor-
phism in CofQCat. Then there exists a commutative diagram of the form

c+r x-T.c

llc ls lp (2.41.1)

C&YLD

where S is a weak equivalence, P is a fibration and Q and T are trivial fibrations

in CofQCat.

Proof. Analogous to the proof of this follows from a pseudo-fac-
torization of the morphism (1¢, F) : C — C x D. O

Corollary 2.42. Let D be a quasi-category and let V' be a subcategory satisfying
the 2-out-of-3 property. Then any functor F: CofQCat — D that sends trivial
fibrations to maps in 'V sends all weak equivalences to maps in V.

Proof. Let F: C' — D be a weak equivalence in CofQCat and choose a com-
mutative diagram of the form in (2.41.1). Analogous to the proof
use the 2-out-of-3 property to observe that S is sent to a map in V since T and
@ are sent to maps in V. Moreover, P is a trivial fibration and thus sent to a
map in V. Therefore, the composite F'T is sent to a map in V' and, since T is
already sent to a map in V, so is F. O
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3 The Homotopy Theory of Finitely Cocomplete
Quasi-categories

Definition 3.1. Let CofCat denote the category defined by the following data:

e An object is a U-small category C' together with a structure of a quasi-cat-
egory with weak equivalences and cofibrations on NC.

e Given two objects C' and D, a morphism is a functor F': C'— D such that
NF: NC — ND is right exact.

e The composition law is given by the ordinary composition law of functors
between categories.

The objects and morphisms will be called categories with weak equivalences
and cofibrations and right exact functors, respectively. Furthermore, CofCat
is equipped with two classes of morphisms called fibrations and weak equiva-
lences which are defined to be those right exact functors F': C' — D such that
NF: NC — ND are fibrations and weak equivalences of quasi-categories with
weak equivalences and cofibrations, respectively. Analogous to the definition
of CofQCat;, we define the subcategory CofCaty. By an abuse of notation, we
denote the functor CofCaty — CofQCat; induced by sending categories to their
nerves by N as well.

Remark. If V is a Grothendieck universe for which Cat, CofQCat and sSet are
small, CofCat is the pullback of the span of V-small categories

forget

Cat —— sSet CofQCat

where forget denotes the forgetful functor that sends quasi-categories with weak
equivalences and cofibrations to their underlying quasi-categories. Similarly, the
subcategories of fibrations and weak equivalences and CofCat¢ are pullbacks of
the respective subcategories of CofQCat.

Proposition 3.2. CofCaty is a category with weak equivalences and fibrations
such that N is left exact.

Proof. CofCat admits a terminal object, namely [0] with the unique structure
where the identity of 0 is a trivial cofibration: As [0] is the terminal category,
for any category with weak equivalences and cofibrations C, there is unique
functor C' — [0], which sends any map in C' to the identity of 0. In particular,
C — [0] is right exact. Moreover, N sends [0] to A’. Due to the functoriality
of the nerve construction, the class of weak equivalences in CofCat is closed
under identities and satisfies the 2-out-of-3 property, and the class of fibrations
in CofCat contains all identities and is closed under composition. The pullback
axioms for fibrations and trivial fibrations hold due to the fact that N commutes
with limits, as N admits a left adjoint. In particular, this shows that N is
left exact. Lastly, the factorization axiom follows from the fact that, given a
category with weak equivalences and cofibrations C, the path object path(NC)

in CofQCat as in is the nerve of a category. O
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Definition 3.3. Let RexQCat be the subcategory of sSet spanned by U-small
quasi-categories with finite colimits and finite colimit preserving functors be-
tween them. There are various different names for the objects and morphisms
in RexQCat, but we choose to call them finite cocomplete quasi-categories and
finitely cocontinuous functors, respectively.

3.4. Finitely cocomplete quasi-categories carry a canonical structure of homo-
topical quasi-categories of cofibrant objects where all maps are cofibrations and
only the isomorphisms are weak equivalences. With respect to this structure, the
right exact functors between finitely cocomplete quasi-categories are precisely
the finitely cocontinuous ones. Therefore, the assignment X — (X, X=, X)
forms a fully faithful functor i’: RexQCat — CofQCat.

Definition 3.5. A morphism in RexQCat is called weak equivalence or fibration
if i’ sends it to a weak equivalence or fibration in CofQCat 7, respectively.

Observation 3.6. Since functors between quasi-categories preserve isomor-
phisms, the identity of a quasi-category X is canonically a localization functor
of X at its isomorphisms. Therefore, weak equivalences of finitely cocomplete
quasi-categories are precisely the weak categorical equivalences, that is, weak
equivalences in the Joyal model structure of simplicial sets. Moreover, fibrations
of finitely cocomplete quasi-categories are precisely those right exact functors
that are inner fibrations and isofibrations, that is, fibrations in the Joyal model
structure, as the property of lifting factorizations and pseudo-factorizations fol-
low immediately from the property of being an isofibration since the weak equiv-
alences are the isomorphisms and all maps are cofibrations.

Informally, RexQCat lies in the intersection of the Joyal model structure of
simplicial sets and the right exact structure of CofQCat; and we will exploit
this fact in the following lemma.

Lemma 3.7. RexQCat together with the classes of fibrations and weak equiva-
lences as above forms a homotopical category of fibrant objects.

Proof of lemma. We leave these simple observation to the reader:
e RexQCat admits a terminal object, namely A°.

e The class of fibrations in RexQCat contains all identities and is closed
under composition.

e The class of weak equivalences in RexQCat is closed under identities and
satisfies the 2-out-of-3 property.

Additionally, for any finitely cocomplete quasi-category X, the canonical map
X — A% s an inner fibration and an isofibration since quasi-categories are the
fibrant objects in the Joyal model structure and functors that are inner fibrations
and isofibrations are its fibrations between fibrant objects. Moreover, the weak
equivalences in RexQCat satisfies the 2-out-of-6 property as they belong to the
class of weak equivalence in the Joyal model structure and model categories are
saturated.

The proof of the pullback axioms for fibrations and trivial fibrations in

RexQCat is analogous to that of as it is mainly an application
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of |Cis19, Proposition 6.2.19]. Alternatively, given a span in RexQCat of the
form

Xty 2oz
with P a (trivial) fibration, one could form the pullback in CofQCat ,

XUy Z 257

m| Jp

X — Y.

Per construction of the underlying simplicial sets form a pullback
square in sSet. Since P is a (trivial) fibration in the Joyal model structure by the
preceding observation, so is 7;. By |Cis19, Proposition 6.2.19], one can check
that X xy X is finitely cocomplete and the projections are finitely cocontinuous,
so that 71 is a (trivial) fibration in RexQCat and the commutative square is a
pullback square in RexQCat as well.

For the factorization axiom, let F': X — Y be a finitely cocontinuous functor
between finitely cocomplete quasi-categories and let

X/
>N
X ——FY

be a factorization in the Joyal model structure, i.e. S is a weak categorical equiv-
alence and P is an inner fibration and an isofibration. Note that X and X’ are
quasi-categories, so that S presents an equivalence of co-categories, which pre-
serve all colimits, in particular those of interest. As mentioned in the preceding
observation, S is a weak eqgivalence in RexQCat and P satisfies the defining lift-
ing properties for fibrations in RexQCat. Therefore, it remains to show that P
is finitely cocontinuous, but this follows from the fact that S reflects all colimits
as well and that F' is finitely cocontinuous. O

Corollary 3.8. Let A: RexQCat — RexCaty, denote the localization functor
of RexQCat. Then RexQCat,, is finitely complete and X is finitely continuous.

Definition 3.9. Let L": CofQCat; — RexQCat be the functor given by forming
localizations and total right derived functors and define L: CofCat; — RexQCat
to be the composition of L" and N: CofCat; — CofQCat.

Remark. Localizations of small quasi-categories (at small classes of maps) are
small again.

3.10. [Cisl9, Proposition 7.1.3] The localization of a simplicial set C' by a
simplicial subset W can be constructed in the following way:

1. Choose a fibrant replacement i: W — W' in the Kan-Quillen model struc-
ture of simplicial sets.

2. Form the pushout square in sSet:

W ——0C



3. Choose a fibrant replacement k: C’ — LC in the Joyal model structure of
simplicial sets.

Then ¢ := kj is a localization of C' by W. Note that each step in the con-
struction is functorial. In particular, for any simplicial set D with subcategory
V and any functor F': C' — D sending W to V', we get a commutative diagram
in sSet of the form

c—L5D

”Cl bD (3.10.1)
LC —— LD

exhibiting F' as a total derived functor of F.

Remark. In the context of Kan extensions, total derived functors F': LC' — LD
may be thought of as the "best solution" to the filling problem

c—*4p

e |

in that 7 (F) is the "closest approximation" to ypF. In the oo-categorical
viewpoint, this means that 'yé(F ) and vp F' are equivalent at best, but the above
construction shows that, in case of a homotopical functor F, the localizations
LC and LD can be modelled in a way such that the filling problem can be solved
in the strictest sense possible, that is 7% (F) and ypF are equal as functors of
simplicial sets.

Therefore, it might not be sensible to talk about total left derived functors
in case of right exact functors between homotopical quasi-categories of cofibrant
objects as this terminology has the connotation of a best approximated, rather
than a strict solution to a filling problem. Nevertheless, since morphisms in
CofQCat are not homotopical, and since CofQCat is treated as a subcategory
of it, we choose to use the terminology of total derived functors.

Proposition 3.11. The total derived functors of L’: CofQCat; — RexQCat
and i': RexQCat — CofQCaty are equivalences of co-category that are mutually
inverse to each other.

Proof. By the commutativity of the diagram in (3.10.1)), the specific localization
functors construced indeﬁne natural transformations idcofqcat, = ¢’ L’ and
idrexqcat = L'i’, which are componentwise weak equivalences. By [Lemma 2.34]
these induce natural isomorphisms idrcorqoas = 7L’ and idRexcat., = L'¢'. O

Since L: CofCat; — RexQCat preserves all weak equivalences, there is a
total derived functor L: LCofCat; — RexCat, which we wish to exhibit as an
equivalence of co-categories. Instead of doing so directly, we would like to make
use of this black box:

Theorem 3.12. [Cis19, Theorem 7.6.10] Let X and Y be two finitely complete
oco-categories. Then any finitely continuous functor F: X — 'Y is an equivalence
of co-categories if and only if it satisfies the right approximation property:
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1. F is conservative.

2. For any map g: x — F(b) in D with b an object in C, there is a commu-
tative triangle in D of the form

e F(f)
e g \F@

with i an isomorphism in D and f: a — b a map in C.

T

For this, L needs to be finitely continuous. By [Lemma 2.11] this is the case
when L is the total right derived functor of a left exact functor of quasi-categories
with weak equivalences and fibrations. As RexCat, is finitely complete, it
carries a canonical structure of a quasi-category with weak equivalences and
fibrations, so that its identity forms a localization functor and L becomes a total
derived functor for AL: CofCat; — RexCato, with respect to this structure. For
this reason, we show the following:

Corollary 3.13. The composite AL: CofCaty — RexCato is a left exact func-
tor.

Proof. By the preceding proposition, there is a commutative diagram of the
form

CofQCat; —~— RexQCat

’YConCath/ i)\

LCofQCat ¢ — RexCat

with L’ an equivalence of co-categories. Since L’ is homotopical, such a com-
mutative diagram exists on the level of simplicial sets. Therefore, AL’ is left
exact, as a composition of the left exact functor L’ and YCofQCat - Moreover,
N: CofCaty — CofQCat is clearly left exact. Thus AL is left exact, as the
composition of AL’ and N. O
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4 A Rectification of Right Exact Functors

In our pursuit of showing that L: LCofCat; — RexCato is an equivalence of
oo-categories, we have done all the preparatory work to be able to conclude
with the verification of the right approximation property for L. Per definition
of weak equivalences in CofQCat, the functor L: CofCat; — RexQCat reflects
weak equivalences, and, because of the 2-out-of-6 property, the class of weak
equivalences of both CofCat; and RexQCat are saturated. Therefore, L is
conservative, and it remains to show that, for any finitely cocontinuous functor

F: X — LD, there is a commutative triangle in RexCaty, of the form

X 2 LD

gl /IZ('F)
LC

where £ is an equivalence of oo-categories and F': C' = D is a map in LCofCat .
We will refer to the problem of finding such a commutative triangle as the
rectification problem for finitely cocontinuous functors.

A Functorial and Right Exact Presentation

As the first step in solving this problem, we will functorially exhibit X as the
localization of a homotopical category of cofibrant objects. For this, we would
like to use existent presentations of co-categories by ordinary categories. In
our case, we make use of the contravariant model structurﬂ over X on sSet/X
presenting Fun (X°P 8), but the following arguments work for any presentation
satisfying the conditions listed in

This model category will be denoted by (sSet/X) s, and the Grothendieck
construction for oo—groupoidsﬂ constitutes an equivalence of the localization of
(sSet/X), 4, and Fun (X°P,8), that is, there is a localization functor of the form
(sSet/X), 4, — Fun (X°P,8), which we will denote by px. The particular reason
for the choosing (sSet/X) g, is that it is a homotopical category of cofibrant
objects since its cofibrations are defined to be the monomorphisms. By our
computations in this implies that px is right exact, and we wish the
same to hold for the Yoneda embedding &x: X — Fun (X°P,8) via which X
has been embedded into Fun (X°P,8), but the following minimal example shows
that this is not the case in general.

Example 4.1. The canonically commutative diagram in A!

—

— <O
— e =

—

IFor the existence and a (partial) definition, see [Cis19, Theorem 4.1.5].
2 An account of this is given in [Cis19, Theorem 7.8.9]



is a pushout square, but the corresponding commutative square in Fun (Al, 8)

Hom A, (—, 0) —— Hom . (—, 1)

| |

Homn:(—,1) —— Homp:(—, 1)
is not because, at component 1, the induced commutative square in 8

) —— {11}

L

{Ii} —— {11}

is not a pushout square. Here, {1;} denotes A® where the unique object is
interpreted as the identity of 1 in A'. Then one can see that the pushout
should be A LI A% which obviously cannot be equivalent to A°.

The conceptual idea of turning X x right exact, i.e. finitely cocontinuous, is
to consider an co-category of presheaves on X for which the presheaf represented
by the initial object is equivalent to the initial presheaf and for which pushouts of
representable presheaves are representable up to equivalence. This is formalized
as follows.

Definition 4.2. Let Lex (X°P,§) be the localization of Fun (X°P 8) at the
following natural transformations:

® Trun(xor,8) — *x (Ix);
o xx(z) Uy () ¥x(2) = x(z Uy 2) for any cospan x <y — z in X.

As X is U-small, so is this class of natural transformations, so that, by [Cis19,
Proposition 7.11.4], the localization forms a left Bousfield localization of the
form
O Z4X> (o)
Fun (X°P, 8) % Lex (X°P, 8)

where the left adjoint £x is the localization functor and the right adjoint ¢x is
fully faithful. In particular, Lex (X°P, 8) is presentable and, by |Cis19, Proposi-
tion 7.11.7], complete and cocomplete. Additionally, ¢x induces an equivalence
of Lex (X°P 8) and the full subcategory of Fun (X°P, 8) spanned by the finitely
continuous presheaves, which Xx factors through since representable presheaves
are (finitely) cocontinuous. Therefore, the triangle of co-categories

Lex (X°P,8)
Lx

XZV \

Fun (X°P,8)

Fx

commutes (up to homotopyEI).

1See [Lemma 4.10
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Remark. Although Xx: X — Fun (X°P,8§) is the universal fully faithful embed-
ding of X into a (U-small) cocomplete oo—categoryﬂ the (existent) colimits of
X and Fun (X°P,§) are usually independent of each other in the sense that xx
does not preserve them. That is the reason why kx is called the free cocom-
pletion of X. In this context, the above definition presents a construction of
universally and fully faithfully embedding X into a cocomplete co-category in
a way that preserves the existing colimits of X in its cocompletion:

Given a simplicial set I and an I-cocomplete co-category C, let Funy (C°P, 8)
be the full subcategory of Fun (C°P, 8) spanned by the I-continuous presheaves.
Because representable presheaves are (I-)continuous, the Yoneda embedding
£co: C — Fun (C°P,8) factors through Fun; (C°P,§), and one can show that
£c: C — Fung (C°P,8) is the universal I-cocontinuous fully faithful embedding
of X into a cocomplete co-category.

Lemma 4.3. Let X be a finitely cocomplete co-category. Then the above de-
fined functor £x xx: X — Lex (X°P,8) is fully faithful and finitely cocontinuous.
Moreover, it is universal among the finitely cocontinuous functors of the form
X — D with D a (U-small) cocomplete oco-category in the sense that precompo-
sition with {x X x induces an equivalence of co-categories

((xxx)" : Fun (Lex(X°P,8), D) —— Rex (X, D).

Here, Fun, (Lex(X°P, 8), D) denotes the full subcategory of Fun (Lex(X°P,8), D)
spanned by the cocontinuous functors, and Rex (X, D) denotes the full subcate-
gory of Fun (X, D) spanned by the right exact, i.e. finitely cocontinuous, func-
tors.

Proof. Per definition of £x : Fun (X°P,8) — Lex (X°P,8), the composite functor
£x X x is finitely cocontinuous. Because tx/{x X x and X x are equivalent, for any
pair of objects x and y in X, the diagram of mapping spaces

MapLex(XOP,S) (KXC):X (x)ﬂ Ux &x (y))

V \
tx

Map y (2, y) Mapp,n(xor,s) (£x (), £x(y))

commutes (up to equivalence). As kx and tx are fully faithful, so is £x &x by
the 2-out-of-3 property for weak homotopy equivalences.

Let S denote the (U-small) class of natural transformations in
and let D be a finitely cocomplete co-category. By [Cis19, Remark 7.7.10],

(x)* : Fun (Lex (X°P,8),D) —— Fun (Fun (X°?,8), D)

induces an equivalence of Funy (Lex (X°P,8), D) and Fun; g (Fun (X°P,8), D),
the full subcategory of Fun (Fun (X°P,8), D) spanned by cocontinuous functors
which send elements of S to isomorphisms in D. Now, we would like to show
that the essential image of Fun, g (Fun (X°P,8), D) under

(£x)*: Fun (Fun (X°P,8),D) —— Fun (X, D)

1See [Cis19, Theorem 6.3.13].
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is Rex(X, D). So, let F: Fun (X°P,8) — D be a cocontinuous functor sending
elements of S to isomorphisms in D. Then Fxx: X — D is finitely cocontinu-
ous due to these observations:

e Since F is cocontinuous, F (@Fun(xopys)) is initial in D, so that the canon-
ical map @p — F (£x (@x)) is (isomorphic to) the map which F sends
Drun(xer,s) — ¥x (Jx) to. As F sends elements of S to isomorphisms in
D, the map @p — F (;X (@X)) is an isomorphism, i.e. F (;X (@X)) is
initial in D.

e For the same reason,

F (@) Upy ) 5x(2)) — F (5x (2 Uy 2))
is an isomorphism. Due to cocontinuity of F, the canonical map

F (kx(2)) Ur(ex () F(xx(2)) —— }‘(;X(a:) Uy (9) ;X(z))

is an isomorphism, so that, by composing these two isomorphisms, one can
see that F (xx (z Uy z)) is isomorphic to F (kx(z)) Ur ()T (xx(2))-

Conversely, let F': X — D be a finitely cocontinuous functor. Then we would
like to show that there is a cocontinuous functor F: Fun (X°P,8) — D which
sends elements of S to isomorphisms in D such that F' is isomorphic to Fkx.
By [Cis19, Theorem 6.3.13], precomposition with kyx induces an equivalence
of Fun (X°P, D), the full subcategory of Fun (X°P, D) spanned by cocontin-
uous presheaves, and Fun(X, D), so that there exists a cocontinuous functor
F: Fun (X°P,8) — D such that F = Fxx and we are left to show that F
sends elements of S to isomorphisms in D. Note that Rex(X, D) is a replete
subcategory of Fun(X, D), which means that any functor X — D that is iso-
morphic to a finitely cocontinuous one is already finitely cocontinuous.

o As F is cocontinuous, F (@pun(xor,s)) is initial in D, and, as Fxx is
finitely cocontinuous, F (J:X (@X)) is initial as well. Hence, the identity
of @p is isomorphic to the image Jpun(xor,s) = &x (@x) under F.

e Analogously, for any cospan x <y — z in X,
F(xx(2)) Ur(ex () F(:x(2) — f(J:X(x) Uy (o) ;X(z)>
is an isomorphism because F is cocontinuous, and
F (J:X(x)) l—l]-‘(atx(y)) v (J:X(Z)) — F (;X (z Ly Z))

is an isomorphism because F X x is finitely cocontinuous. Then the im-
age of Xy (z) U, () £x(2) = Xx(z Uy z) under F is the composition of
isomorphisms.

Thus, F sends elements of S to isomorphisms in D, and this shows that (kx)*
factors through Fun g (Fun (X°P,8), D) — Rex(X, D), which is essentially sur-
jective. As arestriction of the equivalence Fun, (X°P, D) — Fun(X, D) of co-cat-
egories, it is fully faithful, thus itself an equivalence of co-categories. Therefore,
the composite

Fun, (Lex (X°2,8), D) 2% Fun, g (Fun (X°?,8), D) ) Rex (X, D)
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is an equivalence of co-categories. O

~

Definition 4.4. Let S denote the preimage of (sSet/X)
pullback of the span

lox under £xpx, i.e. the

Lex (X°P,8)% «—— Lex (X°P,8) &5 (sSet/X) g

Define (sSet/X)
denote by

to be the left Bousfield localization of (sSet/X) g, at S and

lex
tx
(sSet/X) g, . L~ (sSet/X)

b
tx

lex

the associated Quillen adjunction given by the identity of the underlying cate-
gory sSet/X.

Since the class of cofibrations in (sSet/X) g, and (sSet/X), . are the same,
all objects in (sSet/S),., are cofibrant, so that (sSet/S),, is a homotopical
category of cofibrant objects.

lex

Remark. Note that neither (sSet/X) g, nor Lex (X°P,8) are U-small, so that S
cannot be expected to be U-small either. Therefore, |Cis19, Proposition 7.11.4]
is not applicable in order to ensure the existence of (sSet/X), .. Nevertheless,
if we choose a Grothendieck universe V for which all of the above are V-small,
(sSet/X),., can be shown to exist as follows:

(sSet/X),q4, is a cofibrantly generated model category by [Cisl9, Theo-
rem 4.1.5 & Theorem 2.4.19] and (sSet/X) g, is locally presentable because
of sSet/X = Fun ((A/X)°P, Set), thus a combinatorial model category. As the
cofibrations are precisely the monomorphisms, all objects in (sSet/X) g, are
cofibrant, so that (sSet/X) g, is left proper. By [Lur09, Proposition 2.1.4.8 &
Remark 2.1.4.12|, (sSet/X) 4, is a simplicial model category. For this reason,
[Bar10, Theorem 4.7] implies the existence of (sSet/X)

lex*

Observation 4.5. By |Cis19, Remark 7.7.10], the total derived functor of £
is a localization functor of Fun (X°P,8) at the image of S under px. Note
that {x is defined to be such a localization functor. Since the formation of
total derived functors preserve homotopical adjunctionsﬂ and since right (or left)
adjoint functors are unique up to equivalencdﬂ the total derived functor of the
right adjoint Lg( is right adjoint to £x and thus equivalent to ¢x. In particular,
there is a localization functor of the form px jex: (sSet/X),., — Lex (X°P,8).

lex

Definition 4.6. Let X’ be defined to be the homotopical quasi-category of
cofibrant objects such that there is a homotopy pullback square of the form

X" —— (sSet/X),.,

QX\L J/pX,lcx

X — Lex (X°P, 8).

x&x

Since {x kx is fully faithful by the preceding lemma, X" is equivalent to a full
subcategory of (sSet/X)

ISee [Cis19l Proposition 7.1.14].
2See |Cis19}, Proposition 6.1.9].

lex”
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Proposition 4.7. If X is a U-small finitely cocomplete quasi-category, then
X" as defined above is weakly equivalent to an object in CofCaty, that is, to a
U-small homotopical category of cofibrant objects.

Remark. Since X has been defined as a homotopy pullback, this means that
there is a factorization of px je,: (sSet/X),,, — Lex (X°P,8) into a weak equiv-
alence ox: (sSet/X),, — M followed by a fibration ¢x: M — Lex (X°P,8)
such that, in the resulting commutative diagram

XP —— (sSet/X)

4k

A—— M

4 [

X 25 Lex (X°P,8)

lex

in which both inner squares are supposed to be pullback squares, o’y is a weak
equivalence. As px e, is a weak equivalence, so is tx. By the pullback axiom,
'y is a trivial fibration. As £x x is fully faithful by the preceding lemma, one
can similarly show that A and X° are equivalent to full subcategories of M and
(sSet/ X)), respectively. Hence, for the purpose of this proposition, we may
assume that X° is a full subcategory of (sSet/X),., and that ox: X* — X is a
trivial fibration such that

lex

X — (sSet/X)

QX\L J/pX,lcx

X 25 Lex (X°P, )

is an actual pullback. As X” and (sSet/X)
mutative square

lex are categories, the induced com-

X (sSet/X),.,

ho QX\L J}IO PX lex
ho(exJ:x)

ho X —— hoLex (X°P,8)

is a pullback square as well. On one hand, the homotopy category of a lo-
calization is the 1-categorical localization. Hence, ho px jex is a 1-categorical
localization. One the other hand, there is a canonical construction for the 1-
categorical localization of a model category:

Given a model category M, then its homotopy categoryﬂ Ho M is the cate-
gory of bifibrant objects and homotopy classes of morphisms. Additionally, the
functor M — Ho M sending each object in M to a bifibrant replacement is a
1-categorical localization.

Therefore, the 1-categorical localization (sSet/X), . — Ho ((sSet/X),..)
which will be denoted by I'x, factorizes into px jex followed by an equivalence

IThe reason that the notions of homotopy categories for oo-categories and for model
categories carry the same name is due to the fact that model categories present oco-categories
by localization, so that the homotopy category of the model category is (equivalent to) the
homotopy category of the oco-category it presents.
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of categories ex : Lex (X°P,8) — Ho ((sSet/X),.,). In particular, ho X is equiv-
alent to a full subcategory B of Ho ((sSet/X),., ), so that there is a commutative
diagram of categories

X ey (sSet/ X))y,

ho QXJ lho PX,lex

ho X «——— hoLex (X°P,8)

| I

B —— Ho ((sSet/X),.,.)

in which the inner squares and the outer rectangle are pullback squares. Let
fi:x — ybe amap in X. Per definition, ex(f) is the homotopy class of some
morphism f’: 2’ — ¢’ in (sSet/X),.,, i.e. ex(f) = I'x(f’). By the universal
property, this means that f’ belongs to X°, that is f’ is a lift of f. In particular,
7' and g are bifibrant replacements of = and y, respectively.

Proof of proposition. By the axiom of choice, we choose for each map fin X a
lift f’ in X” as above. Let S be the class of these choices. Since X is U-small,
so is S as it is bijective to the U-small set of 1-simplices in X. Let T be the
class of all objects  in X” for which there is a map in S of the form = — y or
y — . Then there is an injection T'— S sending each = in T to (a choice of)
a map of the form x — y or y — . Therefore, T is U-small. Let C©) be the
full subcategory of X spanned by objects belonging to T. As sSet/X is locally
U-small, any of its full subcategories spanned by a U-small set is U-small, such
as C0),

Now, given a U-small full subcategory C™) of X" for some natural number
n, let C"*1) be defined to be the full subcategory of X° spanned by the U-small
set M of objects satisfying the following conditions:

1. All objects in C™ are elements of M.

2. Given a map f: a — b in C™ such that a is cofibrant in X”, there is
exactly one element o’ in M, which is an object in X, such that f factors
into a cofibration a — b’ followed by a weak equivalence b’ — b in X°, if
there is not already such an object in C'(™).

3. Given a cospan of maps i: a — b and f: a — a’ in C such that i is a
cofibration and a and o’ are cofibrant in X, there is exactly one element
a’ U, bin M, which together with the appropriate inclusion maps forms a
pushout of that span in X, if there is not already such an object in C'(™).

Since C(™) is assumed to be U-small, its hom-sets are U-small, so that M and
thus C("*1) are U-small. In particular, C(™ is a full subcategory of C"*t1). By
induction, this construction gives rise to a tower of full subcategories

cOcocWc. . .co™corth . . cx’

and we define C' to be colimit |J,,cy C™ . The induced functor C' — X is fully

faithful, so that we may assume that C is a full subcategory of X”. Moreover,
maps in C are declared to be weak equivalences or cofibrations if they are so
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in X”. Per construction, this turns C' into a homotopical category of cofibrant
objects such that the inclusion C' < X’ is right exact, and it remains to show
that this inclusion functor is a weak equivalence. For this, we will verify the
conditions of The first condition follows immediately from the
fact that the inclusion functor reflects weak equivalences per definition. Let
f:a — xz be a map in X” with a an object in C. Per construction, there is a
map f’ in C such that the images of f and f’ in ho X are equal. As a is an
object in C, it is bifibrant such that f’ is of the form a — b with b a bifibrant
replacement of . Thus, there are weak equivalences s: b — z’ and t: x — 2
such that the diagram in X”

AN
JS

!

~
88—

8]

t

commutes. This shows the second condition of Therefore, the
inclusion functor C' < X’ is a weak equivalence of homotopical categories of
cofibrant objects where C' is U-small. O

Therefore, ox: X? — X exhibits the finitely cocomplete co-category X as
the localization of a U-small homotopical category of cofibrant objects, and the
following argument illustrates the functoriality of this construction.

4.8. Let F: X — Y be a finitely cocontinuous functor between (U-small)
finitely cocomplete co-categories. On one side, recalﬂ that the left Kan exten-
sion Fy: Fun (X°P,8) — Fun (Y°P,§) of F exists such that Fikx is canonically
equivalent to Ly F. Therefore, we will call 7 the colimit extension of F. More
importantly, the composite ¢y Xy F: X — Lex(Y°P,§) is finitely cocomplete,
so that there exists a cocontinuous functor F jex: Lex (X°P,8) — Lex (Y°P,§)
such that 7 jexfx & x is equivalent to fy &y F.

On the other side, postcomposing with and pulling back along F induce
functors F7: sSet/X — sSet/Y and F*P: sSet/Y — sSet/X, respectively,
which form a Quillen adjunction ]-",b - F*’ with respect to the contravariant
model structure Hence, .7-? is right exact and, in particular, homotopical as
(sSet/X) gy, is a homotopical category of cofibrant objects. Therefore, F? de-
scends to a functor Fun (X°P,8) — Fun (Y°P,8), which is equivalent to JF, i.e.
py]-'!b is equivalent to Fipx J°| Since F itself descends to Fi ex, its presentation
F? descends to a functor Fllex: (85et/ X)), — (sSet/Y) More precisely,
since there is a commutative diagram of the form

lex"

~

(sSet/X). o, —2 Fun (X°P,8) —* Lex (X°P,8) +—— Lex (X°P,§)

E e

(sSet/Y ), — Fun (Y, 8) —2 Lex (Y°P,8) +—— Lex (Y°P,8)™,

F? sends (Uxpx) " (Lex (X°P,8)7) to (bypy) " (Lex (Y°P,8)%). Hence, Fy
descends to ]:!b,lex such that ]-'ﬁlexﬂbx is equivalent to £}, F7. Moreover, since {y py

ISee [Cis19, Proposition 6.1.14].
2See |Cis19), Proposition 4.4.6].
3See |Cis19, Remark 6.1.24].
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is equivalent to pywlexég,, the left adjoint of the composite Quillen adjunction
G, F) A Fehulh sends (Uxpx) (Lex (X°P,8)7) to (pyiex) " (Lex (Y°P,8)7),
which is the subcategory of weak equivalences in (sSet/Y"), . because py,iex is
the localization functor. By [Hir03, Proposition 3.3.18], E';,}“?’ descends to a left
Quillen functor (sSet/X),,, — (sSet/Y’),.,, but this has to be }",b)lex as shown
above. Hence, ]-"ﬁlex is right exact.

In total, there is a commutative diagram of homotopical oco-categories of
cofibrant objects

lex?

X 52X Lex (XoP,8) £ (sSet/X)

lf l]:!,lcx J/]:!blcx

Y —— Lex(Y°P,8) «—— (sSet/Y)
by Xy PY,lex

and this induces a right exact functor 7”: X* — Y’ whose total left derived

functor is F per construction.

Observation 4.9. We want to note that, instead of (sSet/X) 4, , we may utilize
any model category M (X) presenting Fun (X°P 8) such that it descends to a
presentation M (X )jex of Lex (X°P,8), which forms a homotopical category of
cofibrant objects and which is functorial in X in the following manner:

For any finitely cocontinuous functor F: X — Y between finitely cocomplete
oo-categories, there is a right exact functor *7:!b,1cx1 M (X )iex — M(Y )jex such
that

X E5 Lex (XOP,8) «—— M (X )iex

J/]: J/]:!,lex l}-!b'lex

YV L Lex (VOP,8) «—— M (Y )iex
is a commutative diagram in CofQCat ;.

Remark. In fact, using the model of simplicial presheaves as in
and the arguments of the last subsection| it is possible to show that any not
necessarily functorial presentation of finitely cocomplete oco-categories by (ordi-
nary) categories suffices to construct a presentation by homotopipcal categories
of cofibrant objects, which is functorial in the aforementioned sense.

Homotopically Right Exact Functors

Given a finitely cocomplete co-category X, a homotopical category D of cofi-
brant objects and a finitely cocontinuous functor F: X — LD, in the preceding
subsection, we have constructed a commutative square of finitely cocomplete
oo-categories of the form

X—" 5 ID
2 JZ

L(X") — L((LD)")

where £ and H are equivalence of co-categories. In order to solve the rectification
problem, it suffices to exhibit # as the image of some map H: (LD)” — D under
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L: LCofCat; — RexCat, i.e. we have reduced the rectification problem for
finitely cocontinuous functors (with arbitrary domain) to that of equivalences
between localizations of objects in CofCat¢. So, we may assume without loss of
generality that F is an equivalence of oo-categories of the form LC — LD for
some homotopical categories C' and D of cofibrant objects.

Observation 4.10. Let F,G: X — Y be finitely cocontinuous functors be-
tween finitely cocomplete oo-categories such that F and G are isomorphic in
Fun(X,Y). If X and Y are presented by quasi-categories, then there is a com-
mutative triangle of quasi-categories of the form

Fun(J,Y)

% \(evivew) (4.10.1)

X Y xY.
(F.,9)

This datum is commonly known as a right homotopy from F to G with respect
to the Joyal model structure on simplicial sets as the commutative triangle of

quasi-categories
)
w’ew) (4.10.2)

Y xY

Fun(J,Y
5
Y
(

forms a path object of Y in this model structure. In particular, this implies
that F and G represent the same map in ho Cat., by citing [Cis19,
Proposition 7.6.14]. In other words, naturally isomorphic functors of quasi-cat-
egories are homotopic.

We would like to show that this also implies that the induced maps in
ho RexCaty, are equal. First, note that the commutative triangle in is a
path object of Y in RexQCat as well. This has been shown in[Lemma 3.7} but to
repeat: Because A is a weak categorical equivalence between quasi-categories
and because colimits in Fun(.J,Y’) are componentwise so, both A ; and (ev, evy)
preserve and reflect colimits, in particular finite ones. It is worth mentioning
that the product of Y with itself in sSet is the underlying quasi-category of the
product of Y with itself in RerCatﬂ so that there is a canonical structure on
Y x Y such that (1y,1y) and (F,G) are right exact functors. Second, as noted,
(evgp,evy) reflects colimits, so that the right exactness of (F,G) implies that of
H. Thus, the commutative triangle in (4.10.1)) also forms a right homotopy in
RexQCat, so that F and G represent the same map in ho RexCat.

ly,ly)

The preceding observation allows us to conclude the rectification problem
by exhibiting equivalences F: LC — LD between localizations of homotopical
categories of cofibrant objects as (cospans of) total right derived functors from
C to D, disregarding the specific presentation of total right derived functors
given by Therefore, as the next step, we consider solutions to the
filling problem

C ------ > D
bc lm
LC —I 5 LD

1See the construction in [Lemma 2.23
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which are not necessarily right exact. In it will be shown that
these already provide us with solutions to the rectification problem. This leads
us to the notion of homotopically right exact functor and, although these can be
defined as Kan lifts, dually to Kan extensions, the following is going to suffice.

Definition 4.11. [Cis10, Paragraph 4.1] A functor F': C'— D between homo-
topical categories of cofibrant objects is homotopically right exact if the following
conditions hold:

e For any weak equivalences f: a — b in C, the map F(f): F(a) — F(b) in
D is a weak equivalence.

e The canonical map @p — F (D¢) in D is a weak equivalence.

e For any homotopy pushout square in C

is a homotopy pushout square.
In other words, F' is homotopically right exact if F' preserves
e weak equivalences;
e initial objects up to weak equivalence;
e homotopy pushout squares.

Dually, a functor F': C — D between homotopical categories of fibrant objects
is homotopically left exact if F°P: C°P — D°P is homotopically right exact.

Proposition 4.12. Let F': C — D be an arbitrary functor between homotopical
categories of cofibrant objects. Then F is homotopically right exact if and only
if there is a finitely cocontinuous functor F: LC' — LD such that the diagram
of co-categories
c—*5D
”Cl bD (4.12.1)
LC —— LD

commutes. In particular, F is a total (left) derived functor of F and F is
(automatically) homotopical.
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Proof. Let F' be homotopically right exact. Then vp F' sends weak equvialences
to isomorphisms, so that the functor F: LC' — LD induced by the universal
property of the localization ¢ is a total left derived functor of F' by
Hence, there is a commutative diagram of oo-categories of the form (4.12.1]).

Conversely, let F: LC — LD be a finitely cocontinuous functor such that
the diagram in commutes. Initial objects, homotopy pushout squares
and weak equivalences in C' and D are by definition those objects, diagrams and
maps that are sent to initial objects, pushout squares and isomorphisms in LC
and LD, respectively. Thus, due to commutativity of the diagram in (4.12.1)),
the finite cocontinuity of F implies the homotopical right exactness of F'.

Moreover, as v¢&: Fun(LC, LD) — Fun(C, D) is fully faithful, we get the
following computation:

Hompyn(ze,Lpy(— F) =~ Hompunc,Loy (V& (=), ¢ (F))
= HomFun(C,LD) (Vé’(_)a ’YDF) .

By the Yoneda lemma, F is a total left derived functor of F. O

Example 4.13. An immediate example of homotopically right exact functors
are right exact functors between homotopical categories of cofibrant objects

since, by [Lemma 1.25] all homotopy pushout square are computed by pushouts
of cofibrations.

The preceding proposition states that homotopically right exact functors are
precisely those homotopical functors that present finitely cocontinuous functors.
In order to show that homotopical right exact solutions to the rectification
problem for equivalences provide (strictly) right exact solutions, we will make
use of another presentation of the space-valued presheaf category, namely the
simplicial presheaf category. Our main reference for the subsequent paragraphs
is [Cis10].

Definition 4.14. [Cis10, Paragraph 3.1] Let C be a homotopical category of
fibrant objects. Let P(C) denote the projective model structure on the category
Fun (C°P,sSetkq), i.e. the weak equivalences and fibrations are defined to be
componentwise weak homotopy equivalences and Kan fibrations, respectively.
Let 3¢: C — P(C) denote the 1-categorical Yoneda embedding where sets are
regarded as constant simplicial setsE| Lastly, let

b
Yo,

—

P(C) % P, (C)
Yo

denote the left Bousfield localization of P(C') at the (essential) image of the

subcategory wC' of weak equivalences in C under 3¢. In particular, P, (C)

is equivalent to the full subcategory of P(C') spanned by simplicial presheaves

that send weak equivalences in C' to weak homotopy equivalences.

13| is the first letter of the name "Yoneda" in Katakana) the more angular of the two
Japanese syllabaries. This seems fitting as the notion of sets can be thought of as more rigid
than that of spaces. Hence, the space-valued Yoneda embedding is denoted by the rounder
Hiragana letter k.
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Remark. By |Cisl9, Proposition 7.11.13], P,c(C) is equivalent to a nerve of
a category, so that it may be regarded as the model category theoretical left
Bousfield localization of P(C), and, by [Cis10, Théoréme 3.2], it is a (right)
proper model category and the class of weak equivalences in P, (C) is closed
under finite products. This allows us to equip P,c(C) with the structure of a
homotopical category of fibrant objects.

Lemma 4.15. Let M be a right proper model category. Then its underly-
ing category together with the class wM of weak equivalences and the class of
wM—ﬁbrationﬂ forms a category with weak equivalences and fibrations. If wM
is addtionally closed under finite products, we have a homotopical category of
fibrant objects.

Proof. Because model categories are (co-)complete, M admits a terminal ob-
ject, and, because the class of weak equivalences remains unchanged, it forms
a subcategory and satisfies the 2-out-of-3 property. In fact, wM satisfies the
2-out-of-6 property due to saturation. As commutative squares of the form

~

N

8

~

H
H\
8¢— 8
&

8

f

are pullback squares, all identity morphisms in M are wM-fibrations. Since
homotopy pullback squares are those diagrams that are pullback squares in
the localization, there is a pasting law for homotopy pullbacks. With this,
one can show that wM-fibrations are closed under compositions and satisfy
the pullback axiom. As weak equivalences in M become isomorphisms in LM,
and, as the class of isomorphisms is closed under pullbacks, the pullback axiom
for trivial fibrations follows immediately from the above. Lastly, it remains
to show the factorization axiom. As any morphism in M factors into a weak
equivalence followed by a fibration, it suffices to show that any fibration of the
model structure is already a wM-fibration. Since the class of fibrations is closed
under pullbacks, it suffices to show that the class of weak equivalences is closed
under pullbacks along fibrations, but this holds for M precisely because it is
right proper.

Per definition, the wM-fibrant objects are those objects  in M such that,
for any weak equivalence v: y — z, the map X y — x x z induced by 1, and
v is a weak equivalence. Hence, if the class of weak equivalences is closed under
finite products, any object is wM -fibrant. O

Proposition 4.16. [Cis10, Remarque 3.13] Let C be a homotopical category of
fibrant objects and equip P,c(C) with the structure of a homotopical category
of fibrant objects as above. Then the composite functor 7%7!30: C = Puc(C)
is left exact.

For the proof, we need the following.

Lemma 4.17. Let C be an co-category with two subcategories V and W and let
Yyw: C — LwC and vy : C — Ly denote the respective localization functors.

1See [Lemma 1.17]
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Then the total derived functor of yw where C is equipped with V' and Ly C' with
yw (V) is a localization functor of Ly C at vy (W).

Remark. Note that this statement is symmetric in V' and W. Informally, this
means that the order of subcategories at which we localize C' does not matter.

Proof. Let yw,v: LwC — Ly,yC denote the localization functor of Ly C' at
yw (V) and let 7 : LyC — Ly, C be the total derived functor of vy with
respect to vy and vyw,y. Then the square of co-categories

wl |

LyC — LW,VC
Tw

commutes. If presented by quasi-categories, such a commutative square exists
on the level of simplicial sets by the construction of since Y
clearly sends V to yw (V). From the commutativity of this square, one can
immediately derived that 7y is essentially surjective since vy, yw and yw,v
are assumed to be so, and that F sends vy (W) to isomorphisms. Moreover,
for any oco-category D, there is an induced commutative square of co-categories
of the form

Fun (Lw.yC, D) 2% Fun (LyC, D)

(’YW,V)*J( l(’YV)*

Fun (Lw C, D) o Fun (C, D),
so that Fy* is fully faithful since (y1/)”, (yw)" and (yw,v)" are assumed to be so.
Lastly, it remains to show that the essential image of 7" is spanned by those
functors F: LyC — D that send 4y (W) to isomorphisms. For this, let F' be
such a functor. Then (yy)* (F) sends W to isomorphisms, so that it is naturally
isomorphic to a functor of the form (yy)" (G) where G is a functor from Ly, C
to D. Clearly, (yy)" (F) sends V to isomorphisms and, thus, so does ()" (G).
Therefore, G is naturally isomorphic to a functor of the form (yw,v)* (H) where
H is a functor from Ly, C to D. Hence, (yy)" (F) is naturally isomorphic to
(yw)* (yw,v)" (H), which equals (yyv)* (yw)" (H) due to the commutativity of
the preceding square. Because (yy)* is fully faithful, this implies that F is
naturally isomorphic to (yw)"* (H), which concludes the proof. O

Observation 4.18. It is commonly known that the global model structures
on simplicial presheaves, such as the projective one, present the space-valued
presheaf co-category. A proof of this is given in |[Cis19, Theorem 7.9.8] stating
that such a localization functor po: P(C) — Fun (C°P,8) is given by postcom-
posing with the localization functor sSetxg — 8. By the preceding lemma,
the localization of P,c(C) is (equivalent to) the localization of Fun (C°P,8) at
the (essential) image of wC under pc3¢. Since C is a category, the set-valued
Yoneda embedding already models the space-valued one, so that ¢3¢ is equiv-
alent to k. Since localizations of Fun (C°P, 8) are left Bousfield localizationsE
the localization of P,c is (equivalent to) the full subcategory of Fun (C°P,8)
spanned by the so-called k¢ (wC)-local objectsﬂ Using the Yoneda lemma, one

1See [Cis19l Proposition 7.11.4].
2See |Cis19}, Paragraph 7.11.3]
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can check that these ko (wC)-local objects are precisely those presheaves that
send weak equivalences to isomorphisms. Therefore, Fun,,cor (C°P,8) is the
aforementioned subcategory. By the preceding lemma, 'ybc,!: P(C) = Puc(C)
descends to a localization functor of the form Fun (C°P,8) — Fun,cer (C°P, 8).
Since_the total derived functors of adjoint homotopical functors are again ad-
joint the right Quillen functor 'yé:b : Pyco(C) — P(C) descends to the inclusion
Fun,cer (C°P, 8) < Fun (C°P, §). Recall that Fun,cer (C°P, §) is equivalent to
Fun (LC°®?,8) via 7, so that, as the notation suggests, vc, and ~& are total
derived functor of 7, and vgb, respectively.

Remark. Let pcwe: Pyc(C) — Fun (LC°P,8) denote the localization functor.
Then the diagrams of co-categories

b *,b
P(C) —— Puc(C) P(C) «—“—— Puc(C)
pcl lpc,wc and pcl lpc,wc
Fun (C°P,8) ——++ Fun (LC",8) Fun (C°P, 8) i Fun (LC°P,8)
” c

commute. Moreover, due to the computation in Cat.,

pC,wC’YbC,!ac ~yc,pcdc X Yo ke = fLeve (4.18.1)
the diagram of co-categories

b
Y, dc

C PwC(C)

"/Cl lpc,wc

LC T> Fun(LCOp, 8)
LC

commutes, i.e. Xrc is a total derived functor of fyzv’!ac. For this reason, we
simplify the notation 7%7!30 to ¢ as we want to see it as a presentation of

*rc. By [Lemma 4.12) 9o is homotopically right exact and, in particular,
preserves homotopy pullbacks, e.g. pullbacks of fibrations by

Proof of [Lemma 7.16 |Cis10, Corollaire 3.12] Per construction, 3¢ preserves

(finite) colimits and weak equivalences, so that it remains to show preservation
of fibrations. For this, let p: @ — b be a fibration in C' and denote 3;c(p) by
f:x — y. Then we would like to show that any pullback square in P, (C) of
the form

Fxyr ——=x

l lf (4.18.2)

F——uy

is a homotopy pullback square. By [Cis06, Proposition 3.4.48], we can equiva-
lently show that, for any object z in P, (C) with z = 3¢(c) for some object

1See [Cis19l Proposition 7.1.14] or [Cis19, Theorem 7.5.30].
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¢in C and any map s: z — F, the induced pullback square in P, (C)

|

Z Xy
z
is a homotopy pullback. Since Fp¢ is fully faithfu this diagram comes from
a pullback square in C of the form

(4.18.3)

€S

L—8
-~

|

cXpa — a

| b

c

|

which is a homotopy pullback square because p is a fibration. By the preceding
observation, 3¢ preserves homotopy pullbacks, so that the diagram in (4.18.3)
is a homotopy pullback square. This shows that f is a wC-fibration. O

Remark. The proof idea of [Cis06, Proposition 3.4.48] goes as follows: The
pullback square in is a homotopy pullback square if and only if, for any
factorization of f into a weak equivalence S followed by a fibration P and any
induced diagram in P, (C)

F—y

where the inner squares are pullback squares, the map S’ is a weak equivalence.
Given a map s: z — F in P,c(C) as in the proof above, the map S in the
induced diagram

2Xyx —— Fxyo ——

b

2xyG — FxyG — G

N N

z F y

where each inner square is a pullback square is a weak equivalence if and only
if the square in is a homotopy pullback. Hence, our argument boils
down to the fact that the map S’ over F is a weak equivalence if and only if it
is "fiberwise" so. This is rigorously proven in [Cis06, Corollaire 3.4.47] and we
would like to give an informal picture:

L3¢ is clearly fully faithful, and, as part of a Bousfield localization of model categories,
'y"c | is presented by the identity of Fun (C°P,sSet).
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By the so-called co-Yoneda lemma, any presheaf F' in Fun (LC°P,8) is a
colimit of representables:
F ~ colim z.
s€F(c)

Moreover, these colimits are stable under pullbackﬂ so that the map

S nyx%;:gllwi%g(z Xy T) —>F><yG%8cgllpigg(z Xy Q)
is given precisely by S.: z x, * — z x, G for each s € F(c). Therefore, if each

S’ is an isomorphism in Fun (LCP, §), i.e. a weak equivalence in P, (C), so is
S’

Definition 4.19. Let C be a homotopical category of fibrant objects. An object
Fin P,c(C) is called weakly representable if the presheaf pc ¢ (F): LCP — 8
is representable. Let P,c(C)wrep be the full subcategory of P,,c(C) spanned
by the weakly representable presheaves and let P, (C)w. s be the full subcate-
gory spanned by weakly representable presheaves that are fibrant in P(C), i.e.
componentwise Kan complexes.

Observation 4.20. By Fun (LCOP,S)rep, we denote the full subcategory of
Fun (LC®P, 8) spanned by the representable presheaves. Per definition, there is
a pullback square of co-categories of the form

PwC(C)wrep — ch(C)

| =

Fun (LC?,§),,, — Fun(LC",8).
Since the inclusion Fun (LC?,8),,, < Fun(LC®?,8) is an isofibration, this
diagram can be presented by a pullback square of simplicial sets. More im-
portantly, as the Yoneda embedding is continuous, Fun (LC°P, ), is finitely
complete and canonically carries a structure of homotopical quasi-categories of
fibrant objects such that its inclusion functor into Fun (LC°P,8) is left exact.
Recall that pc ¢ is left exact as a localization functor of a homotopical category
of fibrant objects, so that, by the dual version of Py (C)rep can be
equipped with a structure of a homotopical (quasi-)category of fibrant objects
such that the above diagram is a pullback square in FibQCat. By the pull-
back axiom (in FibQCat;), the one projection Puc(C)wrep — Puwc(C), which
is (equivalent to) an inclusion, is a fibration in FibQCat, so that, by the dual
version of the other projection Py,c(C)wrep — Fun (LC°P, S)rep is
a weak equivalence in FibQCat, thus a localization functor. In particular, this
is a homotopy pullback square.

Analogously, there is a commutative diagram (of subcategories of P(C)) in
FibQCat of the form

PwC(C)wrf — PwC(C) ﬂP(C)f — P(C)f

| L

PwC(C)wrep — PwC(C) (L) P(C)

1Recall that colimits in co-topoi are universal, that § is an co-topoi, and that limits and
colimits in presheaf co-categories are componentwise.
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where each inner square is a pullback square. Because Pu,c(C)wrep = Puwc(C)
is a fibration, so is Pyc(C)wrt — Pwc(C) N P(C)s and, in particular, the left

inner square is a homotopy pullback square. One can quickly show that 'yg’b is
a fibration in FibCat. Hence, P,,c(C)NP(C)s — P(C)y is a fibration and the
right inner square is a homotopy pullback square as well. By the
canonical functors P,c(C)NP(C)s = Puc(C) and Puc(C)wit = Puwc(C)wrep
are weak equivalences in FibCat.

Remark. Up to homotopy, the projection Pyc(C)wrep — Fun (LCP,8)  is the
restriction of po e : Py (C) — Fun (LC°P, ). Therefore, by abuse of notation,
we would like to denote it by pc,wc as well. We also want to point out again
that po,we: Puwc(C)wrep — Fun (LC°P,8) s a localization functor as argued
above.

rep

Definition 4.21. By the formula in (4.18.1), the diagram of co-categories

C—E¢ 5 P,e(0)

J:c’ycl lpc,wc

Fun (LC°?,8),. «—— Fun(LC°?,8)

rep

commutes, so that it corresponds to a functor C' — Py, (C)wrep such that

PwC(C)wrep PwC(C)Wrep
/ ch and / \
op
C o Fun (LC°P,§),., C — P,c(C)

are commutative triangles of oco-categories.

By the commutativity of the right triangle, C' — P,yc(C)wrep is the restric-
tion of 31,c: C — P, (C) up to homotopy. Therefore, we will denote it by 3¢
as well. Moreover, the commutativity of the left triangle implies that the equiv-
alence of oo-categories k;c: LC — Fun (LCOP,S)rep is a total derived functor

of 3pc: C = Puc(C)wrep- Hence, the latter is a weak equivalence in FibCat.

Remark. Although the terms "oo-category" and "quasi-category" are inter-
changable for some of our sources, such as [Cis19] and [Lur1§|, we have been and
will be using the former for a conceptual and schematic notion and the latter for
a concrete model or presentation of it. Hence, "oo-category" refers to objects
of homotopy theories, such as Caty,, RexCaty, etc., whereas "quasi-category"
refers to objects of (model) categories, such as sSetjoyal, RexQCat and so on.

In the case of the previous definition, this means that, if presented by
quasi-categories, the commutative diagrams of oo-categories are modelled by
functors of quasi-categories, whose composites are naturally isomorphic instead
of (strictly) equal.

A Rectification of Equivalences

Let C' and D be homotopical categories of cofibrant objects. Assuming that,
for each equivalence of co-categories of the form F: LC — LD, there is a
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commutative square of co-categories of the form

c -t 4p

e |

LC —— LD,

then F' is homotopically right exact and F is its total (left) derived func-
tor by Under this assumption, the following paragraph demon-
strates how to replace F' by a zig-zag of (strictly) right exact functors which
L: LCofQCat; — RexCatoo sends to F.

4.22. In actuality, we show the dual statement. So let F': C — D be a homo-
topically left exact functors between homotopical categories of fibrant objects
such that RF: LC' — LD is an equivalence of oo-categories. Then precomposi-
tion with F' induces an adjunction

Fl
%}
P(O) 2 P(D)
which is a Quillen adjunction as F* preserves componentwise fibrations and
trivial fibrations, and we would like to show that this adjunction descends to
P,c(C) and P,p(D). Since the underlying functors of left Bousfield localiza-
tions of model categories are identities, the composites

Vo Pivg”
Puc(C) " Pup(D)

*_sb
Ve Fryy

form an adjunction, and we are left to show that the left adjoint preserves trivial
cofibrations and the right adjoint preserves trivial fibrations. Because the class
of cofibrations and, thus, the class of trivial fibrations of a model category and
its left Bousfield localization are the same, the left adjoint ﬂjﬂng’b preserves

cofibrations and the right adjoint WbC’!F’WBb preserves trivial fibrations. Thus,
it suffices to show that the left adjoint preserves weak equivalences. To do so, we
show that Fi sends 3¢(p): 3¢(z) — J¢(y) for any weak equivalence p: z — y
in C to a map of the form 3Ip(q): Ip(a) = Ip(b) for some weak equivalence
q: a — bin D. Since F preserves weak equivalences, it suffices to show that
Fy3¢ is isomorphic to 3p F. If we denote the Set-valued Yoneda embedding of
C x A by
hoxa: C x A —— Fun ((C x A)°P, Set)

and if we denote by i¢ the functor C' — C' x A given by the identity of C' and the
constant functor C — A with value [0], then one can check that 3¢ = hexaic
by using the fact that Fun ((C' x A)°P,Set) = Fun (C°P,sSet). Under this iden-
tification, we also get F'* = (F x ida)" as functors from Fun ((D x A)°P, Set) to
Fun ((C' x A)°P,Set), so that Flhoxa = hpxa (F X ida). By precomposition
with ic, we get Fi3¢c = hpxaipF = 3pF because of ipF = (F x ida)ic.
Hence, we get F13¢(p) = IpF(p).

For the sake of simplicity, we write F} for 7%,!E72’b and F* for vbmF*'be.
Since F*: P,p(D) — P,c(C) is a right Quillen functor, it preserves weak
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equivalences (and fibrations) between fibrant objects. Hence, F* forms a left
exact functor with respect to the structures of homotopical categories of fibrant

objects as in if restricted to a functor of the form
. PwD(D) n P(D)f —_— ch(C) N P(C)f

and we would like to show that F™* restricts further to Pyp(D)wrt = Puwc (C)wet
by observing that it preserves weakly representable presheaves. For this, we
exhibit RF*: Fun (LD, 8) — Fun (LC°?,8) as the colimit extension of some
functor G: LD — LC' as then the diagram of co-categories

LC <% Fun (LC°P, 8) £24C Pue(C)

T T e

LD <25 Fun (LD°P,8) ¢2“2 P, (D)

commutes, which induces a functor Py,p(D)wrep — Puwc(C)wrep that is the
restriction of F* (up to homotopy) by We would like to argue
why any homotopy inverse to RF is an appropriate candidate for such a G.
Therefore, let G be a homotopy inverse to RF. Then it can be promoted to a
right adjoint of RFE so that G and (RF)" are equivalentﬂ Hence, it suffices
to show that RF* is equivalent to (RF)*. Since the total derived functors of
adjoint homotopical functors are again adjointEI LF, is left adjoint to RF™.
As the adjoints of a given functor are unique (up to equivalence)ﬁ we can
equivalently show that L is left adjoint to (RF)*, i.e. it is equivalent to (RF);.
Using the universal property of Kan extensions, we may compute the following:

LFpcwc3rLe = ppwpFiaLe
and (RF), krcve ~ ¥pRFye ~ frpypF.

Recall that 3¢ has been defined to be the composition of 7%7, and 3o. As ’72‘7!
is the identity of Fun (C,sSet) on the underlying category, 3¢ and 3¢ are the
same functor on the underlying categories. By the preceding paragraph, we have
shown Fi3¢ ~ 3pF and, thus, LFipcwe3 e is equivalent to pp,pIpF (on
the underlying categories). By the formula in , ppwpdp and XrpYp
are equivalent, so that LFipc,wc3rc and (RF'), Xrcvyc are equivalent, namely
to XrpypF. The same formula also implies that LFipc ¢3¢ is equivalent to
LF Xrpcve. Therefore, by a combination of the universal properties of k- and
vc, we have that LF) and (RF'), are equivalent.
In total, we have constructed a diagram in FibCat

PwC’(C)wrf L PwD(D)wrf

Q—
g

PU)C( )wrep <L PwD( )Wrep

—
—

drc LD

F
_

Q
!

1See [Cis19) Proposition 6.1.6].

2See [Cis19, Theorem 6.1.23].

3See [Cis19}, Proposition 7.1.14] or, in our case, |[Cis19, Theorem 7.5.30].
4See |Cis19}, Proposition 6.1.9].
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which does not necessarily commute as is, but up to homotopy, that is, it com-
mutes after passing to total right derived functors. This means that the equiv-
alence RF': LC — LD is the image of a zig-zag of (strictly) left exact functors
under L: LFibCat ¢t — LexCat .. By dualization, this shows how to replace ho-
motopically right exact functors by a zig-zag of (strictly) right exact functors.

Remark. Note that F*: Pyp(D)wrep — Puwc(C)wrep is not left exact as right
Quillen functor do not preserve weak equivalences between all objects, but only
the fibrant ones.

Let C and D be homotopical categories of cofibrant objects. Given an equiv-
alence F: LC — LD, the following paragraph concludes the rectification prob-

lem by exhibiting F as a total derived functor of some homotopical functor
F.C—D.

4.23. Since dppor: D°P — P,por (D°P) is a weak equivalence in FibCat by

Lemma 4.16, which factors through Pyper (D°P),,,,, such that the resulting

functor I povr: D°P — P, pop (DOP)Wrep is still a weak equivalence by the ob-
servations in We may assume without loss of generality that D
is of the form (Pypor(DP)yrep)”. Since the Yoneda embedding induces an
equivalence of LD and Fun (LDOP,S)rep, we would like to recall that there is
a localization functor of the form P, poer (D°P)yrep — LD, which we denote by

pper wpov. By paragraph together with it suffices to

construct a (homotopically right exact) functor
F: C ——— (Pyper (D) grep) ™

such that
C —E— (Pupor (D) yrep) ™

'YCJ J{PDOp,wDOP

_
LC = LD

is a commutative square of co-categories. By (the dual of ) [Lemma 4.20|together
with the remarks of the opposite of such a functor F' corresponds

to a commutative diagram of co-categories the form

C®P — 5 P (D)

fop’ngJ J{ppop

LD —— Fun (D), 8).

"
Ypop L DoP

Recall that 7P : C°P — LC°P is a localization funct01E| and, thus, we would like
to denote v/ by ycor. In particular, v, is fully faithful, so that ycoer 1Y¢ep is
equivalent to the identity. Hence, the diagram

LOoP JCRELC i ((C°P)°P, 8)

]-""’J{ J{m’gop FPycop )

LD°P —— Fun ((D°P)°?, 8)

* -
Ypop L DoP

1See [Cis19) Proposition 7.1.7].

72



commutes. Let
(Von P cen 1k o) : €O x (DP)P —— 8

denote the transposed functor. Because there is a localization functor of the form
Fun (C°P x (D°P)°? |sSet) — Fun (C°P x (D°P)°? |§) given by postcomposing
with the localization sSetkq — 8JI| there is a functor f: C°P x (D°P)°P — sSet
which becomes naturally isomorphic to ! ('yBop FPycon J:cop) after postcompos-
ing with sSetxq — 8. Hence, if f: C° — P (D°P) denotes the curried functor,
then the diagram of co-categories

) P (D°r)
o
cer Fun ((D°P)°", 8)

Yhop Fy Pycop 1kcop

commutes. Recall here that ppor itself has been defined by postcomposing with
sSetkq — 8. By the universal property of colimit extensions, we may compute

VhewFy PCow 1k Cop 2 Ypoo Fy T kLCopYOor & Yop kLDow FOPY00R,
so that the diagram

cv ——  p(Dop)

]:OP’YCOPJ lpDOP

LDe°p *—> Fun((DOp)OP,S)
Ypop &L DoP

commutes per construction. This gives us (the opposite of) the desired functor
F.

With this, we can conclude:

Theorem 4.24. L: CofCaty — RexQCat is a weak equivalence of categories
with weak equivalences and fibrations.

Corollary 4.25. All morphisms in the diagram of categories with weak equiv-
alences and fibrations

/

ho
CofCaty CofQCat RexQCat

N i
1] 1]
ho
CofCat N CofQCat
are homotopical, and each pair induces total derived functors, which are mutually

inverse to each other and thus, in particular, equivalences of co-categories.

ISee |Cis19, Theorem 7.9.8].
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A Appendix

The Construction of a Path Object

Let C be a homotopical quasi-category of cofibrant objects. is
going to be proven in the following manner:

1. By path(C) is a homotopical quasi-category of cofibrant ob-
jects.

2. By |Lemma, A.SI, the A3-ary diagonal functor Apz: C — path(C) and the

evaluation functor (evg,evy) : path(C) — C x C are right exact.

3. By |[Lemma A.4] the A3-ary diagonal is a weak equivalence in CofQCat.
4. By the evaluation functor is a fibration in CofQCat.

5. By |Lemma A.6} path(C') together with A,z and (evg,evy) is a factoriza-
tion of the ordinary diagonal of C.

Notation A.1. Since A3 is (equivalent to) the nerve of the partially ordered
set of non-empty subsets of {0, 1}, we would like to denote objects a in path(C)
as spans in C' of the form

apcol a1Co1
ag > ap1 < ai

with apcor and ajcor trivial cofibrations in C, and maps f: a — b in path(C)
as commutative diagram in C' of the form

apcol aicol
ap —> Qo1 < a1

lfo lf(n lf1
bo T b01 — bl.
cot bico1

Proposition A.2. [Szulj, Proposition 1.13] path(C) together with the classes
of maps as defined in is a homotopical quasi-category of cofibrant
objects.

Proof. path(C') admits an initial object: As colimits in functor quasi-categories
are computed componentwise, the constant span

lgo 1o
o —— Do <—— D¢
is an initial object in Fun (A3,C). Since 1g,, is a trivial cofibration in C, this
span is an object in path(C), thus initial in path(C).

All objects in path(C) are cofibrant: Let a be an object in path(C) and
consider the canonical map @, (c) — a given by the diagram in C

FJo —— Fo <—— D¢

|

ag ap1 ay,

apgco1 ai1col
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which commutes by intiality of @-. Because there is a canonical isomorphism
a. U @e — a for each € € {0,1}, the induced map a. U Do — ag1 is, as
the composition of a. U @c — a. and acco1, a cofibration. Since all objects
in C are cofibrant, the component maps @c — a. are cofibrations, and thus
Dpath(c) — a is a cofibration, i.e. a is cofibrant in path(C).

The class of weak equivalences in path(C) satisfies the 2-out-of-6 property as
the class of weak equivalences in C satisfies this property and weak equivalences
in path(C) are defined componentwise. Due to this componentwise definition,
for any weak equivalence a — b in path(C), the identities of a and b are weak
equivalences as well.

The class of cofibrations in path(C') contains all identities: Let a be an object
in path(C). Clearly, all component maps of 1, are identities, thus cofibrations
in C. It remains to show that the induced map (144, , Geco1) : @01 Ua, Ge — Go1 18
a cofibration for all € € {0,1}. As the left inner square and the outer rectangle
in this commutative diagram in C'

1, 1a

€ €

Qe Qe Qe

J{aegm l J{aegm

apgr — a1 Ug, @e — ao1
(1a01 7a5£01)

are pushout square, so is the right inner square by the pasting law. As 1,_ is a
(trivial) cofibration, so is (1g4,,,@eco1) by the pushout axiomﬂ

The class of cofibrations is closed under composition: let i: ¢ — b and
j: b — ¢ be cofibrations in path(C). For each ¢ € {0, 1}, the component map
(gop)e: ac — ¢ is a composition of cofibrations in C, thus itself a cofibration,
and it remains to show that the induced map ((q o p)o1, ceco1) : @01 Ua, Cc = o1
is a cofibration in C for each e € {0,1}. By the pasting law, each square and
rectangle in the following diagram in C'

AeCo1
Qe > 4ol

L

be —— a1 Ug, be —— bo1

‘/qe Lla(n Uqe J

po1llc,
Ce > ap1 I—la€ Ce ? bOl LIbE Ce

is pushout for each ¢ € {0,1}. As (po1,beco1) is a cofibration by assumption,
so is po1 U 1., by the pushout axiom. Moreover, (go1, ccco1) : bo1 Up, Cc — co1 is
assumed to be a cofibration, so that ((¢ o p)o1,coco1) : ao1 Ua, ce — co1, which
is a composition of pp1 U 1., and (qo1, ceco1), is a cofibration as well.

The class of (trivial) cofibrations satisfies the pushout axiom: Let

bt gL,

be a span in path(C) with ¢ a (trivial) cofibration. Since it is componentwise
a span of trivial cofibrations in C, its pushout exists in Fun (A3, C) because

1Alterna‘cively, one can show that ag1 Uq, ae — ao1 is an isomorphism of cofibrant objects.
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of the pushout axiom in C and because colimits in functor quasi-categories are
computed componentwise. Denote this pushout in Fun (A3, C) as follows:

a
b

/

|

AN
— V.
!

~

Hence, for n € {0,1,01}, the induced diagram in C

fn ,
ay — a,

o "

b, —— U]
n fé n
is a pushout square, so that i/ is a (trivial) cofibration because of the pushout
axiom and because (trivial) cofibrations in path(C) are componentwise such. We
want to show that b’ belongs to path(C), i.e. the component map b, : b, — by,
for € € {0,1} is a trivial cofibration. Note that it is given by the commutative
diagram in C'

Te fe /
be Qe a,

!
J{begm J{aegm l‘legm

/
bor <5— ao1 —— ag
01 fo1

such that the following diagrams in C

i I
o ey be —J sy
a/egoll lb,egol and bsgml lb/eg(n
/ / /
agr —— bo bor —— by,
201 fo1

commute. Now, choose pushout squares in C' of the following form

’

aeco1 ; @ecor
ae — agp1 a, — Qg
zl Jje and iél Jjé
N /
bE Se Le be s’ Ye

such that j. and j. are (trivial) cofibrations and s. and s, are trivial cofibra-
tions, by the pushout axiom. By the pasting law, the outer reactangle of the
commutative diagram in C

’ aég(n ,
Ae — (ZE > am

[ | J (A.2.1)

beT)beTye



is a pushout square, so that the commutative diagram in C

Te QeCoO1
be Qe ap1
J{lbg J,laé lfm
be <— ae ar

Le a’egn fe 01

induces a map 1, U fo1: €. — y such that the diagrams in C'

Se Je
be —— x. apr — T
fg'J/ J{lbél—lfm and fOll Jlbeuf()l
/ /
be 4“ Ye ap1 4>j, Ye
“e €

commute. In particular, the diagram in C

fo1
Qe > ap1 oy a01

l l l (A.2.2)

x
€ Se € 1y, Ufor Ye

commutes, and one can check that the outer rectangle is the outer rectangle in
(A.2.1)), which is a pushout square. Hence, by the pasting law, the right inner
square in (|A.2.2) is a pushout square. Now, the commutative square in C

AeCo1
Qe ? ap1

d e

b 4)()01
beco1

induces a map (beco1,%01) : Te — bo1 such that the triangles in C'

<C017101 ecmﬂm
/ \ and / \

be — bo1 aol —— bo1
eCOl
commute. Due to the commutativity of the left triangle, (beco1,%01) is a weak
equivalence by the 2-out-of-3 property. Analogously, the commutative square in

C

’

; Gecor
e — Qo1

.7 -/
Te %01

J—
beCOl

induces a map (b/eC017 i61) : ye — bhy such that the triangles in C

eCOl’ZOI 5C017101
/ \ and / \

/
B ¥, ahy —————— bl
egm i01

7



commute. With this, one can check that this diagram in C'

Je (becoryion) b
ap1 Te 01
J{f()l J/lb€ L’f()l J{f(;l
/ /
a Y
01 -/ € . 01
Je (b;§011z()1)

commutes, so that the right inner square is a pushout square by the pasting law.
Because i is a cofibration in path(C'), the map (beco1,%01) is a cofibration, thus
a trivial cofibration. By the pushout axiom, (b/egop i{)l) is a trivial cofibration.
As a composition of s. and (blcy;,i0;), the map bfy, is a trivial cofibration.
Therefore, b’ belongs to path(C) and we have also shown that i’ is a (trivial)
cofibration. Moreover, as path(C) is a full subcategory of Fun (A%,C), any
pushout of the span in path(C)

b*a%a’

is of the form above, so that the proof that i’ is a (trivial) cofibration holds for
any pushout square in path(C) of the form

a
b

f o

~

—— b
f
in which ¢ is a (trivial) cofibration.
Lastly, any map in path(C') (with cofibrant source) factors into a cofibration

followed by a weak equivalence: Let f: a — b be a map in path(C), i.e. a
commutative diagram in C of the form

be Er b01
beg()l

for each € € {0,1}. Now, choose a factorization in C of the form

N

a€—>b

with i, a cofibration and s, a weak equivalence in C, and choose a pushout
square in C

aecCol
ae — Qo1

s

/
b ——
1
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Then this diagram

AeCO1
Qe > ap1

Jd |m

b/6 —_— bOl

beco1Se
commutes and induces a map ge: £ — bo1 with getf = beco1se and gets5 = for-
Again, choose a pushout square in C'

1
L
agp —— a1

Lgl lm

.TOT>.’E

where k(g and k1 are cofibrations. (Note the unfortunate, but unavoidable switch
of indices.) Then this diagram

1
L
ap1 — X1

-

2o —55— bo1

commutes, as the diagonal is fp;, and induces a map g: * — bg; such that
gke = ge. Lastly, choose a factorization of the form

/\

l‘—)bm

with 7 a cofibration and sp; a weak equivalence in C. Per construction, this
diagram in C'

QAeCo1l
Qe > Aol

T

by (A.2.3)

Se So01

becor
b — b01

commutes: for the upper square, use the formula t5a.co1 = t{ic; for the lower
square, use

S01JKel] = gRel] = gel] = becotSe.
It remains to show that bl := jk.{ is a trivial cofibration in C. In fact,
it is the composition of cofibrations, and blco, is a weak equivalence by the
2-out-of-3 property as the lower square in commutes. This gives us an
object b’ in path(C') and, once we set ig; := jkL5, we get a factorization of the

form
c
4)
a 7 b
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where s is obviously a weak equivalences and i is a cofibration because, per
construction, 4. is a cofibration in C, and any pushout ag; U, b is canonically
isomorphic to z. and the canonical map z. — bj; is the composition of the
cofibrations k. and j. O

Proposition A.3. [Szul/, Theorem 1.14] The Ai-ary diagonal Apz: C =
path(C) and the evaluation functor (evg,evy): path(C) — C x C are right
exact.

Remark. Since all identities in C' are trivial cofibrations, constant spans in C' are
objects in path(C), so that, in fact, the A3-ary diagonal functor factors through
path(C).

Proof of lemma. As limits and colimits in functor categories (or fully faith-
fully embedded subcategories of such) are computed componentwise, A A2 and
(evg, evy) preserve initial objects and pushouts of cofibrations. Let f: a — b be
a (trivial) cofibration in C. Then A,z(f) is the commutative diagram in C

CL‘)CL(‘(I

el

b——b<+—0>
lb 1};,

and clearly componentwise a (trivial) cofibration. Moreover, the induced map
all, b — b is an isomorphism of cofibrant objects, thus a cofibration. Therefore,
A A2 preserves cofibrations and trivial cofibrations. Lastly, as weak equivalences
and cofibrations in path(C) are, in particular, componentwise, (evg,evy) pre-
serves cofibrations and trivial cofibrations. O

Proposition A.4. The A%-ary diagonal functor Apz: C — path(C) is a weak
equivalence in CofQCat.

Proof. We verify the condition of citing [Cis19, Proposition 7.6.15]
for AAg- Let f: a — b be amap in C such that AAg (f) is a weak equivalence in
path(C), i.e. all vertical maps in the following commutative diagram in C are
weak equivalences:

A

b——b+— 0.
1, 1

This means that f is already a weak equivalence in C. Now, let g: Apz(c) —d
be a map in path(C), i.e. a commutative diagram in C of the form

1. 1.
C c Cc

b b

do T> d01 <T dy.
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Then note that the composites sggo and s;g; are equaﬂ namely both equal to
go1- Moreover, the following diagram in C

do —2— dopy +2— d;

lso f l

do1 —— do1 <—— do1
Lagy Lagy

commutes and defines a weak equivalence s: d — Apz(do1) in path(C). Then
the composite sg: Ayz(c) — Apz(do1) is componentwise go1, so that the follow-
ing diagram in path(C') commutes:

Aps(c) —L——d

Baz (901& JS
(

AAS(d()l) - AAQ dOl)-

O

Proposition A.5. The evaluation functor (evg,evy): path(C) — C x C is a
fibration in CofQCat.

Proof. (evg,evy) is an inner fibration: Let k and n be natural numbers such
that 0 < k < n and denote the inclusion A} < A" by . Let

A7 —"— path(0)
Zl l(evo,evl) (A51)

A" —— 5 C

be a commutative square in sSet. First, we will construct a lift in the case
where path(C) is replaced by Fun (A3, C). By transposing, this means that we
are given a commutative square in sSet of the form

Lan x(0,1)
_

AP x OA? AP x A3
iXIQAIJ/ J/nt
A" X DAl —— 5 C

and we want to find a morphism ¢¢: A" x A2 — C such that both diagrams

Arx A2 1 C A" x 9AL —2 ¢
ixlA%J( / and 1M,x(071)l f
A" x A2 A" x A3

Equality is meant to be in ho(C).
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commute in sSet. Note that there is a canonical commutative square in sSet of

the form
Lap x(0,1)
AR x OAT —E—— AR x A3

inaall J{iX1A%

A" x AT ———— A" x A3
Lan x(0,1)
inducing a canonical morphism A" x A U A x A2 — A™ x A3, which is an
inner anodyne extens1onE| since i is an inner anodyne extension and (0,1) is a
monomorphism. This reduces the problem to finding a lift of the form

A ant A x A3 T o

[

A" x A2

Since C' is quasi-category, such a lift existsﬂ Therefore, there is a commutative
diagram in sSet of the form

A"*>Fun A )

A" ——— C

Because of ¢ coincides with 7 at each vertex, i.e. £(m) = n(m) for all natural
numbers m from 0 to n, this lift restricts to a lift of (A.5.1).
(evp,evy) is an isofibration: Let ¢ be an object in path(C), i.e. a diagram in

C of the formf]

1 1
co —— Co1 —— C1,

with ip and ¢; trivial cofibrations, and let g: (evg,evi)(¢) — d be an isomor-
phism in C' x C. Note that go: ¢ — dy and g1 : ¢ — d; are isomorphisms in C,
thus trivial cofibrations, and the same holds true for their respective inverses.
So, g; Yii: ¢; — d; is a trivial cofibration for each i € {0, 1} and the span diagram
in C

P | P
1099 1191

do o1 dy

defines an object in path(C). Hence, the following diagram in C

10 i1

Co Co1 C1

lgo llnm lgl

do —— co1 +——— d1
2099 1191

commutes and defines an isomorphism in path(C) that (evg,evy) sends to g.

1See [Cis19L Corollary 3.2.4].

2See |Cis19, Remark 3.3.8].

3In contrast to previous proofs, we try to use variable names with single letter stems and
single character diacritics as often as possible in order to increase readibility.
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(evg,evy) lifts factorizations: The argument is the same as in the proof
of the factorization axiomﬂ for path(C) with the difference that the choice of
factorization for f; is already given.

(evo, evy) lifts pseudo-factorizations: Let f: a — b be a map in path(C), i.e.
a commutative diagram in C of the form

i i
ao — ap1 — ay

[T

by ——— bo1 —— by,
Jo J1

with ig, i1, jo and j; trivial cofibrations, and consider a pseudo-factorization of
(evg,evy) (f), i.e. commutative diagrams in C of the form

aiLbi

T

di?Ci

with p; a cofibration, s; a weak equivalence and ¢; a trivial cofibration for each
1 € {0,1}. Choose pushout squares in C' of the form

a; — aop1 b'i Ji N b01
pii lp; and t’i lt/_
di —— Ci — Vi

with p/ a cofibration and ., j/ and t trivial cofibrations for each ¢ € {0,1}.
Note that the diagram in C'

commutes as we have in formulae:
./ ./ /- ’ .
Jisipi = Jitifi = tigifi = i forts.

This induces a map h;: x; — y; such that

/
i P;
di % T; apr — I;
SiJ/ lhi and fml J/hi
Ci — Vi bor —— i

commutes for each ¢ € {0,1}. By the commutativity of the left square, h; is a
weak equivalence by the 2-out-of-3 property. Again, choose pushout squares in

ISee the last paragraph of
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C of the form

Pl th
apy —— T1 bor —— 11
pél lp'{ and tgl lt’l’
.TO p” z yo t// y
0 0

with pfj and p{ cofibrations and ¢ and t{ trivial cofibrations. (Note the unfor-
tunate, but unavoidable inconsistency of indexing.) The diagram in C'

Py
apr — X1

o

Lo " Y
[ ho

commutes as we have in formulae:
" / 14! "4l 1 /
tohopy = totpfor = t1t1 for =t hapi.

This induces a map h: x — y such that

Py pY
Tog —— T T, —— T
o e
Yo *ﬁ,, Y n *ﬁ,, Yy
0 1

commutes. Now, choose a pseudo-factorization of h of the form

h
T *yY
il f
do1 —57 co1

with ¢ a cofibration, sg; a weak equivalence and r a trivial cofibration. This
concludes the constructional part of this paragraph and we are left to show that
these objects form a pseudo-factorization.

Choosing composites k; = rtj! and ¢; = qp}i, gives us span diagrams c and,
respectively, d in C"

k k 14 )4
Co *0> Co1 <;1 C1 and do *0> dOl (71 dl.

Because k; is the composition of trivial cofibrations, it is a trivial cofibration,
so that ¢ is an object in path(C'). As for d, we have that the diagram in C

apy
x; — do1

Yi — Col
Tty
commutes due to the following computation in formulae:

rt! h; = rhp! = so1qpy.
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By the 2-out-of-3 property, ¢p! and so ¢; are a trivial cofibrations, so that d is
an object in path(C) as well.

Furthermore, choose some composite pg1 = ¢p;p; for either ¢ € {0,1}. Be-
cause of pyp, = pyp}, the definition of pg; does not depend on the choice of i.
Since

Uipi = qpii;pi = qpiPiis = poiii
holds, this diagram in C'

i i
ag — aop1 — ai

lpo lpm lpl
do —_— d01 - dl
eo El
commutes and thus defines a map p: ¢ — d in path(C). By assumption, the
component map p;: a; — d; are cofibrations for each ¢ € {0,1}. Additionally,
the induced map d; Ug; ap1 — dp1 is a cofibration because it is a composition
of a canonical isomorphism d; U,, agy — x; and ¢p/, itself a composition of two
cofibrations. Hence, p is a cofibration in path(C).
By the computation in formulae

1 -1 1 -/ /! -/ /! -/
kisi = rt; jisi = rt; hii; = rhp;i; = so1qp; i; = so1ls,

this diagram in C'
do Z() d01 Zl dl

lso lsm lsl

Co > Co1 < C1
ko k1

commutes and defines a weak equivalence s: d — ¢ in path(C).
Because of t{jty = t]t}, we may set to; = rt}t; for either i € {0,1} and note
that tgp is a trivial cofibration in C, as a composition of such maps. Due to

k/’iti = ’I“t/»/ '{ti = Ttélt/]’i = Tt()l

i J1 7

this diagram in C'

J J
bo *0> b01 <;1 b1

J{to J{tm J{tl
Co —> Co1 «<—— C1
ko k1
commutes and defines a map t: b — ¢ in path(C), which is clearly a weak
equivalence. Per assumption, the component maps ¢y and t; are cofibrations.
Additionally, the induced map c¢; Uy, bo1 is a cofibration, as a composition of
a canonical isomorphism and rt}, a composition of cofibrations. Hence, t is a
trivial cofibration in path(C).
Finally, we show that this diagram in path(C)

N

IS

S
QN —
~+

QU

ﬁ
85



commutes by showing that it does so at each component. For i € {0,1}, we
have this diagram in C

@; *>fi b;

T

di T> Ci,

which commutes per assumption. At the component 01, we get this diagram in
C

fOl
apr —— bo1

PolJ{ J{tm

dor —557 Co1s

which commutes by the computation:

s01P01 = S01qD; P = rhpip; = vt hip} = rt]t; for = to1for.
This concludes the proof that (evg,evy) lifts pseudo-factorizations.

(evo, evy) reflects cofibrant objects: We have shown in that all
objects in path(C) are cofibrant. Thus, any functor out of path(C) reflects
cofibrant objects.

(evg, evy) reflects the 2-out-of-6 property for weak equivalences between cofi-
brant objects: This follows from the fact that weak equivalences in path(C') and
C x C are defined componentwise and that the class of weak equivalences in C'
satisfies the 2-out-of-6 property. O

Corollary A.6. [Szul4, Theorem 1.14] path(C) forms together with the right
ezact functors Ayz: C — path(C) and (evo,evi) : path(C) — C x C' a path
object of C in CofQCat.

Proof. By the preceding two propositions, it remains to show that the diagonal
of C is a composite of A,z and (evo, evy), which should be clear. O
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